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Abstract This article reviews recent hybrid approaches to op- 
tical quantum information processing, in which both discrete 
and continuous degrees of freedom are exploited. There are 
well-known limitations to optical single-photon-based qubit 
and multi-photon-based qumode implementations of quantum 
communication and quantum computation, when the toolbox 
is restricted to the most practical set of linear operations and 
resources such as linear optics and Gaussian operations and 
states. The recent hybrid approaches aim at pushing the fea- 
sibility, the efficiencies, and the fidelities of the linear schemes 
to the limits, potentially adding weak or measurement-induced 
nonlinearities to the toolbox. 
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Schematics for the optical implementation of entanglement dis- 
tribution between two stations in a hybrid quantum repeater. 
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1. Introduction 

Quantum information is a relatively young area of interdis- 
ciplinary research. One of its main goals is, from a more 
conceptual point of view, to combine the principles of quan- 
tum physics with those of information theory. Information 
is physical is one of the key messages, and, on a deeper 
level, it is quantum physical. Apart from its conceptual im- 
portance, however, quantum information may also lead to 
real-world applications for communication (quantum com- 
munication) and computation (quantum computation) by 
exploiting quantum properties such as the superposition 
principle and entanglement. In recent years, especially en- 
tanglement turned out to play the most prominent role, rep- 
resenting a universal resource for both quantum computa- 



tion and quantum communication. More precisely, multi- 
partite entangled, so-called cluster states are a sufficient 
resource for universal, measurement-based quantum com- 
putation JTJ. Further, the sequential distribution of many 
copies of entangled states in a quantum repeater allow for 
extending quantum communication to large distances, even 
when the physical quantum channel is imperfect such as a 
lossy, optical fiber f2Q]. 

Many if not most experiments related to quantum in- 
formation are conducted with quantum optical systems. 
This includes the preparation, manipulation, and measure- 
ment of interesting and useful quantum optical states, in 
particular, entangled states; possibly supplemented by ad- 
ditional atomic systems for storing and processing quan- 
tum states. 

Why is quantum optics the preferred field for quan- 
tum information demonstrations? Based on mature tech- 
niques from nonlinear optics for state preparation such as 
parametric down conversion, together with the most ac- 
cessible means for manipulating optical states with lin- 
ear elements such as beam splitters, there is a long list of 
optical proof-of-principle demonstrations of various quan- 
tum information processing tasks. Some of these experi- 
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ments are performed with single-photon states, leading to 
a discrete-variable (DV) encoding of quantum informa- 
tion, where, for instance, a qubit space is spanned by two 
orthogonal polarizations ('photonic qubits') Q. In other 
experiments, continuous-variable (CV) states, defined in 
an infinite-dimensional Hilbert space, are utilized, for ex- 
ample, expressed in terms of the quadrature amplitudes of 
an optical, bosonic mode ('photonic qumodes') Q. Typi- 
cally, the DV experiments involve some heralding mecha- 
nism, rendering them conditional, and hence less efficient; 
nonetheless, fidelities in the DV schemes are fairly high 
0. Conversely, in the CV regime, unconditional opera- 
tions and high efficiencies are at the expense of lower fi- 
delities 0. 

Beyond experimental small-scale demonstrations, to- 
wards potential real-world applications, light is clearly the 
optimal choice for communication. Moreover, in order to 
mediate interactions between distant matter qubits on a 
fixed array (for instance, in a solid-state system), individ- 
ual photons or intense light pulses may be utilized. In such 
a scenario, the light field acts as a kind of quantum bus 
('qubus') for applying entangling gates to the matter qubits. 
This kind of optical, qubus-mediated quantum logic could 
become part of a full quantum computer. In addition, it 
is exactly this qubus approach which can be exploited for 
quantum communication in a quantum repeater, where the 
optical qubus propagates through a fiber (or even through 
free space) between neighboring repeater stations and lo- 
cally interacts with each matter qubit for nonlocal, entan- 
gled-state preparation of the two distant qubits. In analogy 
to classical, optical/electronic hybrid computers, the above 
schemes may be referred to as 'hybrid' approaches, as they 
combine the useful features of both light and matter; the 
former as an ideal medium for communicating, the latter 
well suited for storing quantum information. 

In addition to the hybrid notion mentioned in the pre- 
ceding paragraph, there is a related, but somewhat differ- 
ent definition of (optical) hybrid quantum information pro- 
tocols. These are inspired by practical as well as funda- 
mental limitations of those optical quantum information 
schemes, which are solely based upon either discrete or 
continuous degrees of freedom. A hybrid scheme, similar 
to a classical, digital/analog hybrid computer, would then 
exploit at the same time both DV and CV states, encod- 
ings, gates, measurements, and techniques, in order to cir- 
cumvent those limitations. 



1.1. CV versus DV 

It is well known that a very strong version of universal 
quantum computation ('CV universality'), namely the abil- 
ity to simulate any Hamiltonian, expressed as an arbitrary 
polynomial of the bosonic mode operators, to arbitrary pre- 
cision, is not achievable with only linear transformations, 
i.e., Gaussian transformations (8). Gaussian transforma- 
tions are rotations and translations in phase space, as well 



as beam splitting and squeezing unitaries, all transform- 
ing Gaussian states into Gaussian states. Similarly, a fully 
Gaussian qumode quantum computer can always be ef- 
ficiently simulated by a classical computer |9]. A single 
non-Gaussian element such as a cubic Hamiltonian would 
be sufficient to both achieve universality and prevent clas- 
sical simulability. In general, however, non-Gaussian trans- 
formations are difficult to realize on optical Gaussian sta- 
tes; nonetheless deterministic protocols for approximating 
such gates exist 1 1 1 (the 'GKP' scheme). 

Although the physical states in quantum optical approa- 
ches, representing quantized harmonic oscillators, would 
always live in infinite-dimensional Fock space, there is 
a weaker, but possibly more useful notion of universal- 
ity ('DV universality'). It refers to the ability to approx- 
imately simulate any DV multi-qubit unitary with a finite 
set of gates, logically acting on a finite subspace of the 
infinite-dimensional optical Fock space, spanned by states 
with only a few photons (photonic qubits). In this case, 
a universal set must also contain a nonlinear interaction, 
unless we accept probabilistic operations ifTTTl (the 'KLM' 
scheme). Similarly, exactly fulfilling finite tasks suppos- 
edly simpler than universal quantum computation, such as 
a complete, photonic two-qubit Bell measurement, would 
be impossible with only linear elements (including squeez- 
ers) IH2U13lfT4ll . The problem is that nonlinear interactions 
on the level of single photons are hard to obtain. It is very 
difficult to make two photons "talk" to each other. 

1.2. Going hybrid 

In a hybrid scheme, where DV and CV degrees of freedom 
are exploited at the same time and the goal is to circumvent 
the limitations of the linear approaches, it can be useful to 
consider two special notions of nonlinearity: one is that of 
weak nonlinearities, the other one is that of measurement- 
induced nonlinearities. The former one would then be ef- 
fectively enhanced through the use of sufficiently intense 
light fields; an approach first utilized for quantum non- 
demolition measurements with CV states 1151 . More re- 
cently, weak nonlinearities were applied to combined DV- 
CV, i.e., hybrid systems, where the weak nonlinear inter- 
action is not only enhanced, but also mediated between the 
DV components through a bright CV qubus state. This en- 
ables one to perform various tasks from projecting onto the 
complete, photonic DV Bell basis to implementing univer- 
sal, photonic two-qubit entangling gates, using either DV 
(threshold) photon detectors 1 16|. CV homodyne detectors 
lfT7lfT8l fT9lE0l. or no detectors at all I2l1l22l . 

The concept of a measurement-induced nonlinearity 
was initiated by the seminal works of KLM ifTTI and GKP 
iflOl . The KLM protocol is a fully DV scheme, using com- 
plicated, entangled, multi-photon ancilla states, measure- 
ments of photon number, and feedforward, whereas the 
GKP scheme may be considered one of the first hybrid 
protocols. It relies upon DV photon number measurements, 
to create non-Gaussian states from C V Gaussian resources, 
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and to eventually realize non-Gaussian (cubic) CV gates. 
The GKP proposal also contains the hybrid concept of en- 
coding logical DV states into physical CV states. 

At this point, before going into more detail in the fol- 
lowing sections, let us summarize the key elements of the 
optical hybrid approaches to quantum information process- 
ing reviewed in this article. The goal of circumventing the 
limitations of the most practical, linear optical schemes, 
maintaining to some extent their feasibility and efficiency, 
and still achieving a true quantum advantage over classi- 
cal schemes may be reached through all or some of the 
following ingredients: 

- hybrid states and operations, i.e., a combination of DV 
and CV elements, 

- qubus systems for mediating entangling gates, 

- weak nonlinearities, 

- measurement-induced nonlinearities. 

The paper is organized as follows. In Section 2, we 
give a brief introduction to optical quantum information. 
This includes a description of how to encode quantum in- 
formation into photonic qubits and qumodes, how to pro- 
cess such quantum information using linear and nonlinear 
transformations, and how these tools may be exploited to 
achieve (theoretically and experimentally) efficient (scal- 
able?) quantum computation and communication. Section 
3 then presents the concept of optical hybrid protocols, 
discussing various hybrid schemes for both quantum com- 
putation and communication. Finally, we summarize and 
conclude in Section 4. 



2. Optical quantum information 

How can we encode quantum information, for instance, a 
qubit, into optical states? Do quantum optical states nat- 
urally allow for different types of encoding? These ques- 
tions, together with the issue of processing quantum infor- 
mation encoded in optical states in an efficient way, will 
be addressed in this section. In particular, we discuss that 
there are qualitatively different levels of 'efficient' opti- 
cal quantum information processing. These depend on the 
type of encoding, and on the scalability and the feasibility 
of the optical resources necessary for their implementa- 
tion. 



2.1. Linear versus nonlinear operations 

In Fig. 2.1.1, a table is shown summarizing possible op- 
tical interactions and transformations for state preparation 
and manipulation. 

The most accessible and practical interactions are those 
described by linear and quadratic Hamiltonians. Here, qua- 
dratic refers to the order of a polynomial of the mode op- 
erators a,k for the modes that participate in the interaction. 



Each cik (flfc) corresponds to the annihilation/lowering (cre- 
ation/raising) operator of a quantized harmonic oscillator, 
each representing a single mode from a discrete set of (spa- 
tial, frequency, polarization, etc.) modes into which the 
electromagnetic field is most conveniently expanded 1231 . 
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Figure: 2.r.r Optical interactions and transformations in terms 
of the annihilation and creation operators representing a discrete 
set of modes of the optical field. 

The unitary transformations generated from quadratic 
Hamiltonians are linear. An arbitrary quadratic Hamilto- 
nian transforms the mode operators as 

a' k = ^Amcli + B k ia\ +7; . (1) 
i 

Here, the matrices A and B satisfy the conditions AB T = 
(AB T ) T and AA^ = BB^ + H according to the bosonic 

commutation relations [d' fe ,a^] = [dfc,d;] = Ski- This 
transformation is also referred to as linear unitary Bogoli- 
ubov transformation (LUBO) l24l . It combines passive and 
active elements, i.e., beam splitters and squeezers, respec- 
tively; the 7;'s in Eq. ([TJ describe phase-space displace- 
ments and come from the linear terms in the Hamilto- 
nian. As an example, in a single-mode squeezer, a' = 
dcoshr— at sinhr, the ^-quadrature would be 'squeezed', 
x' = e~ r x, and the p-quadrature correspondingly 'anti- 
squeezed', p' — e +r p, with a = x + ip and a' = x' + ip'. 
The quadratures here are dimensionless variables playing 
the roles of position and momentum with [x,p] = i/2. 

Comparing the LUBO to a purely passive (photon num- 
ber preserving), linear transformation, 

a'k = ^2 Uki&i , (2) 
l 

with an arbitrary unitary matrix U, we observe that there 
is no mixing between the annihilation and creation opera- 
tors in the passive transformation. Despite this difference, 
also the active, more general LUBO is only linear in the 
mode operators. Therefore, general linear optical transfor- 
mations are here referred to as LUBOs, including squeez- 
ers. As squeezing, however, typically involves a nonlinear 
optical interaction (such as x^^Q it mav as we H t> e ex_ 
cluded from the 'linear-optics' toolbox (see Fig. 2.1.1). 

1 for which the actual, fully quantum mechanical Hamiltonian 
is cubic; with the usual parametric approximation, considering 
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Initially, squeezing was not really considered a useful 
tool for DV quantum information processing. Moreover, it 
is hard to apply squeezing to an arbitrary state such as a 
photonic qubit (see next section) 'online' in a controlled 
and efficient way. Hence, usually, squeezing will be ex- 
plicitly excluded from the linear-optics toolbox for DV 
quantum information l6l [TD . In the CV approaches, how- 
ever, optical squeezed states are the essential resource for 
creating Gaussian CV entangled states 0. In this case, 
squeezed states are first created 'offline' and then linearly 
transformed, according to the passive transformation in 
Eq. (0. In more recent experiments, it was demonstra- 
ted that even online squeezing may be shifted offline us- 
ing squeezed ancilla states [25 26 27 1. Only these very 
new approaches would allow for efficient online squeez- 
ing of photonic DV states, as potentially needed in hybrid 
schemes. 

In the hybrid context, and in the view of the recent 
offline-squeezing experiments |25jl26]|27l . it is sensible to 
define the complete set of linear resources and operations 
as all offline prepared, optical Gaussian states and all gen- 
eral LUBOs which are equivalent to Gaussian transforma- 
tions mapping a Gaussian state back to a Gaussian state, 
see Fig. 2.1.1. Particularly practical resources here are co- 
herent states, as these are readily and directly available 
from a laser source. To these coherent-state sources, we 
then add deterministic, online squeezing, and as a Gaus- 
sian, linear measurement, homodyne detection. 

The link between the elementary quantum optical de- 
vices such as phase shifters, beam splitters, and single- 
mode squeezers on one side and an arbitrary LUBO as in 
Eq. (fl} on the other side is provided through two important 
results: 

- any active, multi-mode LUBO as in Eq. (Q~|i can be 
decomposed into a three-step circuit consisting of a 
passive, linear optical multi-mode transformation, sin- 
gle-mode squeezers, and another passive, linear optical 
multi-mode transformation 11281 

- any passive, linear optical multi-mode transformation 
described by an arbitrary unitary matrix as in Eq. (0 
can be realized through a sequence of two-mode beam 
splitters and single-mode phase shifters |29l 

The former result, the so-called 'Bloch-Messiah reduc- 
tion', can be derived through singular value decomposi- 
tion, with A = UA D V^ and B = UB D V T , a pair of uni- 
tary matrices U and V, and non-negative diagonal matrices 
A D and B D ,A 2 D — B 2 D + ll (28). The two results together 
imply that any multi-mode LUBO, i.e., any linear multi- 
mode transformation as in Eq. ((TJ, can be implemented 
with single-mode phase shifters, single-mode squeezers, 
and two-mode beam splitters. The displacements in Eq. ([TJ 
(the 7;'s) can be also realized using highly reflective beam 
splitters. 

the so-called pump field classical, the pump mode operator be- 
comes a complex number which is then absorbed into the squeez- 
ing parameter of the resulting quadratic Hamiltonian. 



As shown in Fig. 2.1.1, going beyond the regime of 
linear resources and operations means to include cubic or 
higher-order interactions leading to nonlinear transforma- 
tions. Such a nonlinear interaction would normally map 
a Gaussian state onto a non-Gaussian state, described by 
non-Gaussian Q and Wigner functions, see Fig. 2.1.2. The- 
se interactions are typically very weak; an example would 
be the extremely weak Kerr effect in an optical fiber. There- 
fore, for sufficiently long interaction times, unwanted pho- 
ton losses will normally dominate over the desired nonlin- 
ear transformation. 

Rather than performing nonlinear transformations on- 
line, we may first create offline nonlinear resources IfTOl 
rm such as photon number (Fock) states as well as other 
non-Gaussian states such as 'cat states' (i.e., superposi- 
tion states of coherent states, see Fig. 2.1.2 on the right). 
Typically, this offline preparation would be probabilistic, 
i.e., conditional, depending on, for instance, certain pho- 
ton number measurement outcomes for a subset of modes 

EK0L32)- 




Figure: 2.1.2 Examples of single-mode states generated through 
highly nonlinear interactions. Shown is the Q function Q(x,p) 
for a Gaussian coherent state evolving into various non-Gaussian 
states subject to a quartic self-Kerr interaction with H oc 

a) a(a) a — 1). 

Let us now explicitly consider the encoding and pro- 
cessing of quantum information using optical resources 
and linear/nonlinear optical transformations. 



2.2. Qubits versus qumodes 

The information being processed through a quantum com- 
puter is most commonly represented by a set of two-level 
systems (qubits), in analogy to classical, digital bit encod- 
ing. These qubit states could be superpositions of two dif- 
ferent, electronic spin projections, or, in the optical con- 
text, superpositions of two orthogonal polarizations. As 
the bosonic Fock space is infinite-dimensional, however, 
there is much more room for encoding quantum informa- 
tion into optical states. Allowing for states with more than 
a single photon per mode is a possible way to represent 
multi-level systems. Alternatively, a multi-level state can 
be expressed through sufficiently many modes with at most 
one photon in total. 
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Apart from discrete photon numbers, an optical state 
may be described by its amplitude and phase. The corre- 
sponding quantum phase-space variables could be consid- 
ered the quantum analogues of classical, analog encoding. 
Such phase-space representations would completely deter- 
mine the state of a quantized optical mode (qumode). 



2.2.1. Photonic qubits 

Consider the free electromagnetic field with a Hamiltonian 
H = J2k ^kifllfik + 1/2) with photon number opera- 
tor aj,ah for mode k. Note that the sum includes the zero- 
point energy '1/2' for every mode. Then the number (Fock) 
states \rik), eigenstates of aj,a,k, form a complete, orthog- 
onal basis for each mode. Dropping the mode index, we 
have the well-known relations for annihilating and creating 
photons, a\n) = ^/n\n — 1) and a*\n) = y/n + l\n + 1), 
respectively. The vacuum state, containing no photons, is 
defined as d|0) =0. 

Using this number basis, there are now (at least) two 
different ways to encode an optical qubit. The first encod- 
ing is called 'single-rail' (or 'occupation number'), as it 
relies upon just a single optical mode, 

cos(0/2)|O) + e^sm(0/2)|l) . (3) 

This encoding, however, is rather inconvenient, because 
even simple single-qubit rotations would require nonlinear 
interactions. For example, the Hadamard gate, acting as 
\k) -t (|0) + (-l) fc |l))/\/2, transforms a Gaussian state 
(the vacuum) into a non-Gaussian state (a superposition of 
vacuum and one-photon Fock state). 

In contrast, for the so-called 'dual-rail' encoding, 

cos(0/2)|lO) + e^sin(0/2)|Ol) , (4) 

single-qubit rotations become an easy task (see Fig. 2.2.1). 
A 50:50 beam splitter, for instance, would turn 1 10) = 

ot|00) into (l/y/2) (a\ + a\) |00) = (1/V§)(|10} + |01», 
and similarly for the other basis state. The linear transfor- 
mation here is a simple, special case of the general passive 
transformation in Eq. (0, and the two modes are spatial. 



.- + » |io) 




I 10 ) ± I 01 ) 

Figure: 2.2.1 Using a beam splitter to switch between the com- 
putational and the Hadamard transformed, conjugate basis. Here, 
measuring the photons at the output of the beam splitter would 
project the input state onto the conjugate basis. 



The most common dual-rail encoded, photonic qubit is 
a polarization encoded qubit, 

cos(0/2)|#) +e i0 sin(6l/2)|U) , (5) 

for two polarization modes, where one is horizontally, the 
other one vertically polarized. So polarization encoding is 
by no means different from dual-rail encoding; it is rather 
a specific manifestation of dual-rail encoding. Single-qubit 
rotations are then particularly simple, corresponding to po- 
larization rotations. 

The drawback of the dual-rail encoding is that for re- 
alizing two-qubit entangling gates, it is necessary to make 
two photons (each representing a dual-rail qubit) 'talk' to 
each other. This kind of interaction between two photons 
would require some form of nonlinearity. Later we will 
discuss various possibilities for such two-photon entan- 
gling gates. We will also discuss an extension of dual-rail 
to multiple-rail encoding, where every logical basis state 
is represented by a single photon that can occupy any one 
of sufficiently many, different modes (not just two as for 
dual-rail encoding). 

Towards photonic qubit processing, the most accessi- 
ble, optical resources and their optical manipulation can be 
summarized as follows. 

Resources: single-photon states (i.e., conditionally pre- 
pared Fock states, superpositions of Fock states), produ- 
cible through nonlinear interactions (i.e., parametric 
down conversion); polarization-encoded states; single-pho- 
ton states approximated by weak coherent states. 

Processing: passive linear optics (beam splitters, phase 
shifters, polarization rotators). 

Measurements: photon counting; on/off detectors. 

However, creating a Fock state with many photons is 
hard, as well as counting large photon numbers. For this 
purpose, the on/off detector is more realistic, as it does not 
discriminate between different photon numbers, but only 
between the vacuum state ('no click') and the non-vacuum 
state ('click'). 

For efficiently generating and measuring states with 
many photons, it is more practical to enter the regime of 
Gaussian states with CV homodyne detections (see next 
section). We may further add squeezing to the above tool- 
box. The truly nonlinear regime for processing is attain- 
able by including, for instance, measurement-induced non- 
linearities plus feedforward operations ifTTI . 

Despite the difficulty for realizing a two-photon entan- 
gling gate, there is a clear advantage of the single-photon 
encoding. Single photons are fairly robust against noise. 
Therefore, typically, processing single-photon states can 
be achieved with high fidelity, though, in most cases, only 
conditional operations are possible, at potentially very low 
success probabilities. As extra resources for processing DV 
quantum information, the atomic counterpart of the pho- 
tonic polarization (spin) states are the electronic spin states 
whose qubit representations we shall introduce and utilize 
later. 

We will now introduce a kind of complementary way 
to encode quantum information, in terms of qumodes. This 
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type of encoding leads to states which are rather sensitive 
to noise, but which can be processed in an unconditional 
fashion; even entangling gates can be achieved through de- 
terministic, linear optics. 



2.2.2. Photonic qumodes 

Consider again the free electromagnetic field with a Hamil- 
tonian H = J^k huk(a k (ik + 1/2) with photon number 
operator a\a,k for mode k. This time we shall rewrite the 
Hamiltonian as H = +w|a;^)/2, with the position 

and momentum operators Xk 



^h/2uj k (a k + a' k ) and 

Pk = —i^fiojk/2(a,k — at) for each oscillator (mode) k. 
The zero-point energy '1/2' is still present and becomes 
manifest in the vacuum fluctuations of the position and 
momentum of every mode. 

Further, we have the commutators [a,k,aj] = Ski and 
[xk,pi] = ifiSki- After rescaling Xk andpfc into dimension- 
less variables, we arrive at = Xk + ipk with [xk,f>i] = 
iSki/2, corresponding to % = 1/2, as before. The posi- 
tion and momentum (quadrature) eigenstates may serve as 
a CV basis to represent the infinite-dimensional state of an 
optical qumode. 

The vacuum state can now be written, for example, in 
the position basis, |0) = / dx ipo(x)\x) x , with the wave 
function tpo (x) = (2/tt) 1 / 4 exp(— x 2 ). It must not be con- 
fused with the (unphysical, unnormalized) zero-position 
eigenstate \x = 0) x . The position probability distribution 
of the vacuum state is a normalized Gaussian, Ii/jo^)! 2 = 
-\/2/7rcxp(— 2x 2 ). The first and second moments of the 
vacuum state are easily calculated as (dropping the mode 
index) (0\x\0) = and (0|£ 2 |0) = 1/4, and similarly for 
the momentum. Thus, the quadrature vacuum variances are 
1/4. The Wigner function of the vacuum state is W(x, p) = 
(2/tt) cxp[-2(x - x ) 2 - 2(p - po) 2 }, with x = p = 0. 
For finite xq and po, with a = xq + ipo, we obtain the 
Wigner function for a displaced vacuum, i.e., a coherent 
state | a). 




Figure: 2.2.2 Encoding of qumodes into CV Gaussian squeezed 
and coherent states. Largely squeezed states would approxi- 
mately resemble position or momentum eigenstates. 

The coherent state is also the eigenstate of the non- 
Hermitian annihilation operator, a\a) = a\a), with, corre- 
spondingly, complex eigenvalues a. Its mean photon num- 



it may be written as D(a)\0) = \a), with the well-known 
displacement operator|j 

D(a) = exp(aa^ — a*d) . (6) 

Further, with regard to photon number, the coherent state 
obeys Poissonian statistics, and can be expanded as 



re" 

| a )=cx P (-H 2 /2)£^= 

— n V Til 

n— 



(7) 



As opposed to the linear displacement operator, the squeez- 
ing operator, 5(C) = exp[(C*a 2 - C,a) 2 )/2], with C = 
r exp(icf>), is quadratic in a and a'. Together with the qua- 
dratic single-mode phase rotations (by an angle 9), 



R{9) = exp(-i9d^a) , 



(8) 



and the quadratic two-mode beam splitter interactions, this 
completes the linear regime of Gaussian transformations. 
Note that 



R(9)\a) = \aexp(-i6)) , 

as can be easily understood from Eq. Q. 



(9) 



|V2a) |0> 
|0) |-V2a.) 




) \A=ol) 



Figure: 2.2.3 Optimal unambiguous state discrimination of 
equally likely, binary coherent states {| ± a)} using a beam split- 
ter, an ancilla coherent state, and on/off detectors. The inconclu- 
sive event here corresponds to the detection of the two-mode vac- 
uum eT a |00) for the two output modes with probability e~ 2a . 



In the linear, CV Gaussian regime, the optical encod- 
ing into qumodes (see Fig. 2.2.2) is achieved either through 
approximate x/p-eigenstates (largely squeezed states), for 
which projection measurements are well approximated by 
homodyne detections; alternatively, the overcomplete and 
nonorthogonal set of coherent states may serve as a basis 
for qumodes. Perfectly projecting onto this basis is only 
possible for sufficiently large amplitudes \a\, for which the 
coherent states become near-orthogonal. Nonetheless, two 
coherent states can also be unambiguously discriminated 
in the regime of small amplitudes using a beam splitter, an 
ancilla coherent state, and on/off detectors (see Fig. 2.2.3, 
a real). This unambiguous state discrimination (USD) is 
probabilistic, but error-free. 

Remarkably, the linear optical scheme for the USD of 
two arbitrary coherent states [33] such as { | ± a) } achieves 



ber is therefore 



a\a' a\a) 



\a\ . As a displaced vacuum, 



whenever there is no ambiguity we may drop operator hats. 
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the quantum mechanically optimal USD for two pure non- 
orthogonal states {IV'i), IV^)}, where the success proba- 
bility for a conclusive result equals 1 — |(V'i|V'2)| = 1 — 
\{a\ — a) | = 1 — cxp(— 2a 2 ) (assuming a real) H34U351 
[36). For discriminating a larger set of coherent states, op- 
timal USD becomes more subtle. The quantum mechani- 
cal optimum for more than two symmetrically distributed 
coherent states can be approached using linear optics and 
feedforward [37). 

Let us summarize the most common optical resources 
and potential optical manipulations of qumodes. 

Resources: Gaussian states; squeezing by means of x 
nonlinear interactions (optical parametric amplification); 
non-Gaussian states (e.g., 'cat states'), producible, in prin- 
ciple, directly from \ nonlinear interactions. 

Processing: Gaussian transformations (LUBOs: phase- 
space displacements, passive linear optics, active squeez- 
ers). 

Measurements: Gaussian measurements (e.g., homo- 
dyne detection); non-Gaussian measurements (e.g., on/off 
detectors). 

The creation of non-Gaussian resource states such as 
'cat states' becomes more feasible when conditional state 
preparation is allowed. In this case, a hybrid approach is 
useful, as discussed later. A drawback of the CV qumode 
encoding is that these states are fairly sensitive to losses 
and noise. The quality of CV Gaussian entangled states, 
unconditionally and efficiently producible from squeezed 
light through beam splitters, is fundamentally limited by 
the constraint of finite squeezing (energy). Fidelities drop 
quickly in the presence of excess thermal noise, or sim- 
ply when photons leak into the environment. Nonetheless, 
most operations are unconditional and homodyne detec- 
tion is possible with near-unit efficiency. 

Finally, once again we note that additional atomic sys- 
tems and their degrees of freedom may be utilized. In the 
case of sufficiently large atomic ensembles, the collective 
spin variables can play the analogous roles of the CV qu- 
mode phase-space variables. 



2.3. Implementing efficient quantum 
computation efficiently? 

A necessry criterion for a quantum computer to give a true 
advantage over classical computers is that its realization 
does not require exponential resources. In other words, 
the exponential 'speed-up' quantum computation is usu- 
ally associated with must not be at the expense of an expo- 
nential increase of physical resources. The exponentially 
large dimension of the Hilbert space of N logical qubits, 
2 N , should be exploited with a number of physical re- 
sources scaling as ~ N (or a polynomial of N) rather than 
~ 2 N . If this criterion is satisfied, the quantum computa- 
tion is considered to be 'efficient'. 

Besides this theoretical, in-principle 'efficiency', an ac- 
tual physical implementation of a quantum computation 



should be experimentally 'efficient' as well. While the for- 
mer type of efficiency is fundamental, the latter one de- 
pends on current technology, and an in-principle efficient 
quantum computation protocol may be infeasible and im- 
practical today, but implementable in the future. Before 
we shall assess some of the existing proposals for optical 
quantum computation with regard to these criteria, let us 
first recall the most commonly used quantum gate sets for 
DV as well as for CV universal quantum computation. 

2.3.1. Universal sets 

For several qubits, a combination of arbitrary single-qubit 
rotations with one fixed two-qubit entangling gate is known 
to be sufficient for universality such that any unitary gate 
can be exactly realized on any given multi-qubit state l38ll . 
This universal set, however, is too large (in fact, it is in- 
finitely large) to be implemented in an error-resistant fash- 
ion. Therefore, a discrete, finite set of elementary gates 
must be chosen which no longer achieves exact multi-qubit 
gates (as the set of unitary gates is continuous), but rather 
an approximate realization to arbitrary precision. To be ef- 
ficient, a sufficiently good approximation must not require 
an exponential number of elementary gate applications. A 
convenient universal set of gates is 

{H, Z n / 2 ,Z„/4, Cz} , (10) 

where we omitted the operator hats. Here, H is the Hada- 
mard gate, H\k) = |0) + (-l) fc |l), and Cz acts as an 
entangling gate, with 

\k)®\l) ^ (-l) kl \k)®\l) , k,l = 0,1- (11) 

The gates Zg = cxp(—i6Z/2) describe single-qubit rota- 
tions about the Z-axis by an angle 9 with Z being one of 
the usual Pauli operators X, Y, Z, and Z\k) = (-l) fe |fc), 
X\k) = \k 1). Note that removing the gate Z v u from 
the elementary gate set means that only so-called Clifford 
unitaries can be realized which are known to be insufficient 
for a quantum computational speed-up over classical com- 
putation. For both universality and speed-up when com- 
puting with computational basis states, the non-Clifford 
phase gate Z„u must be included here. 

Universality for qumodes can be defined and achieved 
similarly to the qubit case. Arbitrary single-qumode trans- 
formations, together with beam splitters for two qumodes, 
are sufficient to simulate any Hamiltonian expressed as an 
arbitrary polynomial of the qumode position and momen- 
tum operators (8). As a discrete, elementary gate set for 
approximate simulations to any precision, one may choose 

m 

{F,Z(t),D 2 (k),D 3 (X),C z }, (12) 

with r, k, and A real. In this case, F represents the Fourier 
transform operator to switch between the position | ) x and 

3 commonly, both in the DV and the CV case, the CNOT or 
SUM gates are used for the canonical entangling gate instead of 
Cz', however, these are equivalent up to local DV-Hadamard or 
CV-Fourier transformations. 



Copyright line will be provided by the publisher 





Laser & Photonics 




8 


Reviews 





momentum | ) p basis states, F\x) x = \x) p . The entan- 
gling gate Cz is an x-controlled p-displacement, Cz = 

cxp(2ii (£> x), with 

Cz\x)x\p)p = \x)x\p + x) P , (13) 
while the roles of the Pauli gates are now played by the 
Weyl-Heisenberg (WH) momentum and position shift op- 
erators, Z(t) = exp(2zTi) andX(r) = cxp(— 2iTp), re- 
spectively, Z(t)\p) p = \p+t) p andX(T)\x) x = \x + t) x . 
Finally, the phase gates Di(ki) = cxp(iKix l ) are included 
in order to simulate any Gaussian (CV Clifford) transfor- 
mation (7 = 2) and to achieve full CV universality includ- 
ing non-Gaussian (CV non-Clifford) gates (7 = 3). Re- 
call that the Gaussian transformations map Gaussian states 
onto Gaussian states; they correspond to quadratic Hamil- 
tonians with linear input-output relations for the qumode 
operators as in Eq. (Q}. Gaussian operations on Gaussian 
states can be efficiently simulated classically J5)- 

Both for the DV and the CV case, for those encodings 
discussed so far, there is always at least one universal gate 
that is not realizable through linear transformations alone. 
In single-photon single-rail encoding, even a single-qubit 
Hadamard gate, transforming a Gaussian vacuum state into 
a non-Gaussian superposition of vacuum and one-photon 
Fock state would be highly nonlinear. The hardest part of 
universally processing dual-rail encoded qubits would be 
the entangling gate which has to act upon at least two pho- 
tons. Ultimately, the universal processing of even a single 
qumode requires some form of nonlinearity. 

2.3.2. Nonlinear versus linear optics 

The most obvious approach now to optically implement 
an entire set of universal quantum gates would be directly 
through nonlinear interactions. The two-qubit Cz gate is 
accomplished by applying a quartic cross-Kerr interaction 
on two photonic occupation number qubits, 

cxp(i7ra|ai <g) ala 2 )\k) <g) \l) = (-l) fci |fc) ® \l) . (14) 

The same interaction leads to a Cz gate for two photonic 
dual-rail qubits, with the cross-Kerr interaction acting on 
the second rail (mode) of each qubit such that only the 
term 1 01} <g> 1 01} acquires a sign flip. This is the concep- 
tually simplest and theoretically most efficient (only one 
optical device needed!) method to complete the set of uni- 
versal gates in dual-rail encoding. In the low-photon num- 
ber subspace here, we may even decompose the cross-Kerr 
two-mode unitary into a beam splitter, two self-Kerr one- 
mode unitaries, 



cxp 



i- a|ai(a|ai 



1) 



cxp 



I- a\a 2 {a\a 2 - 1) 



(15) 

and another beam splitter (see Fig. 2.3.1). 

Thus, a sufficiently strong one-mode self-Kerr inter- 
action would be enough to fulfill the criteria for DV uni- 
versality |[38l on the finite-dimensional multi-qubit sub- 
space of the infinite-dimensional, multi-mode optical Fock 



space. At the same time, the quartic one-mode self-Kerr 
interaction, together with Gaussian, linear transformations 
(LUBOs), would be also sufficient for the strong notion 
of full (asymptotically arbitrarily precise) CV universality 

CD- 



CK 



BS 



SK 

SK H 



BS 



Figure: 2.3.1 Implementing a controlled sign gate (Cz) on two 
single-rail qubits using cross-Kerr (CK) or self-Ken' (SK) nonlin- 
earities. The first beam splitter (BS) transforms the term ] 11) into 
1 20) — 1 02), while the other terms stay in the vacuum and one- 
photon space. As the SK interactions affect sign flips only for the 
two-photon components, only the term |11) acquires a sign flip. 



The problem of this approach, however, is that an ef- 
fective coupling strength of ~ n for the self/cross-Kerr 
interactions is totally infeasible on the level of single pho- 
tons. Therefore, it is worth examining carefully if there 
is a way to implement universal quantum gates through 
linear optical elements, ideally just using beam splitters 
and phase shifters. A very early proposal for linear-optics- 
based quantum computation indeed does work with only 
linear elements |39l . It is based upon so-called multiple- 
rail encoding, where a d-level system is encoded into a 
single photon and d optical modes, with the basis states 
at 1 00 • • • 0), k = 1, 2, d. Any unitary operator can be 
realized in the space spanned by this basis, as we only 
need t7a£|00 • • • 0) = £f =1 U kl aj\00 ■ ■ ■ 0), Vfc. This lin- 
ear transformation, as in Eq. (f2]), is easily achieved through 
a sequence of beam splitters and phase shifters J29). 

As a result, universal quantum computation is, in prin- 
ciple, possible using a single photon and linear optics. This 
kind of realization would be clearly efficient from an ex- 
perimental point of view. In fact, implementing a univer- 
sal two-qubit gate in a d = 2 2 = 4-dimensional Hilbert 
space, would only require the modest set of resources of 
an optical 'ququart', in 'quad-rail' encoding correspond- 
ing to a single photon and four optical modes. In fact, for 
small quantum applications, by adding to the polarization 
of the photons (their spin angular momenta) extra degrees 
of freedom such as orbital angular momenta, this kind of 
approach can be useful II40II41II42II43II . 

Nonetheless, the drawback of the multiple-rail-based 
linear-optics quantum computer 1391 is its bad scaling. In 
theory even, this type of quantum computer is inefficient. 
Scaling it up to computations involving N qubits, we need 
2 N basis states, and hence 2 N optical modes. All these 
modes have to be controlled and processed in a linear opti- 
cal circuit with an exponentially increasing number of op- 
tical elements. For example, a 10-qubit circuit would only 
require 10 photons and 20 modes in dual-rail encoding, 
while it consumes 2 10 = 1024 modes (for just a single 
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photon) and at least as many optical elements in multiple- 
rail encoding. 



2.3.3. Teleportation-based approaches 

There are now indeed a few proposals that aim at circum- 
venting the in-principle (scaling) inefficiency of the linear 
multiple-rail protocol and the experimental infeasibility of 
the direct nonlinear optical approach. Certainly, the two 
most important and conceptually unique proposals are the 
KLM QT] and the GKP QU) schemes. In both schemes, 
a new concept of measurement-induced nonlinearities is 
exploited. The KLM scheme is a fully DV-based proto- 
col, demonstrating that, in principle, passive linear optics 
and DV photonic auxiliary states are sufficient for (the- 
oretically) efficient, universal DV quantum computation. 
Inducing nonlinearity through photon counting measure- 
ments renders the KLM scheme non-deterministic. How- 
ever, the probabilistic quantum gates can be made asymp- 
totically near-deterministic by adding to the toolbox feed- 
forward and complicated, multi-photon entangled auxil- 
iary states with sufficiently high photon numbers, and by 
employing quantum teleportation |44|. KLM is 'in-princi- 
ple efficient', as the number of the ancillary photons grows 
only polynomially with the success rate. Fidelities are al- 
ways, in principle, perfect in the KLM approach. 

We shall briefly describe the basic elements of KLM. 
The GKP scheme combines linear CV resources with lin- 
ear operations and nonlinear measurements; therefore, a 
discussion of GKP, which achieves both fault-tolerant DV 
universality and (non-fault-tolerant) CV universality, in the 
spirit of Ref. |8), is postponed until the section on hybrid 
schemes. Similarly, the alternate concept of weak nonlin- 
earities relies on hybrid systems, and will also be discussed 
later. 



CSIGN 



NSS 

BS BS 

-I NSS |- 



Figure: 2.3.2 Implementing a probabilistic controlled sign gate 
(CSIGN = Cz) on two single-rail qubits using two non- 
deterministic NSS gates. The resulting two-qubit gate works in 
a similar way to the deterministic implementation described in 
Fig. 2.3.1 using Kerr nonlinearities. 



The essential ingredient for the non-deterministic real- 
ization of a two-photon two-qubit entangling gate (in dual- 
rail encoding) is the one-mode nonlinear sign shift (NSS) 
gate HI1- It acts on the qutrit subspace {|0), |1), |2)} of 
the optical Fock space as \k) — > (—l) k( - k ^ 1 ^ 2 \k). Plac- 
ing two such NSS gates in the middle between two beam 
splitters will then act as a controlled sign gate, \k) ® \l) —> 



(— \) kl \k) g) \l), on two single-rail as well as two dual- 
rail qubits. In fact, we may replace the deterministic Kerr- 
based circuit of Fig. 2.3.1 by the equivalent circuit de- 
picted in Fig. 2.3.2. The latter, however, becomes non- 
deterministic with NSS gates operating only probabilisti- 
cally. 

In the original KLM proposal, the NSS gate can be 
realized with 1/4 success probability, corresponding to a 
success probability of 1/16 for the full controlled sign 
gate as shown in Fig. 2.3.2. In subsequent works, this effi- 
ciency was slightly improved [ 431 . There are also various, 
more general treatments of these non-deterministic linear- 
optics gates deriving bounds on their efficiencies 14611471 
48 1 . Experimental demonstrations were reported as well 
Il49l , even entirely in an optical fiber 11501 . 

Probabilistic quantum gates cannot be used directly for 
quantum computation. The essence of KLM (see Fig. 2.3.3) 
is that near-unit success probabilities are attainable by com- 
bining non-deterministic gates on offline entangled states 
with the concept of quantum gate teleportation B4l . As 
the necessary Bell measurements for quantum teleporta- 
tion succeed at most with 1/2 probability, if only fixed 
arrays of beam splitters are used [51], entangled ancilla 
states and feedforward must be added to boost efficiencies 
beyond 1/2 to near 1. 



a 0) + |3 1 




U(k) 



a|0) + p|l) 



Figure: 2.3.3 Making non-deterministic gates near-deterministic 
through single-rail quantum teleportation. The Bell measurement 
is performed by means of the linear-optics circuit U plus photon 
counting. For an entangled two-mode state \&) oc 1 10) + |01) 
with one ancilla photon, teleportation succeeds only in one half 
of the cases. For larger ancillae with sufficiently many photons, 
teleportation can be made almost perfect. In order to teleport a 
gate near-deterministically onto an input state, the correspond- 
ing gate must be first applied offline and probabilistically to the 
multi-photon entangled ancilla state. 



Even though KLM is 'in-principle efficient', it is still 
highly impractical, as near-deterministic operations would 
require ancilla states too complicated to engineer with cur- 
rent experimental capabilities. It is therefore extremely im- 
portant to further enhance the efficiencies of linear-optics 
quantum computation with regard to the resource scaling. 
Steps into this direction have been made already by merg- 
ing the teleportation-based KLM approach with the fairly 
recent concept of one-way (cluster) computation JT]. 
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2.3.4. Cluster-based approaches 

In the preceding section, we introduced the notion of meas- 
urement-induced nonlinearities, which, combined with the 
more general (and implementation-independent) concept 
of measurement-based quantum computation, enables one 
to obtain the necessary nonlinear element in (linear) op- 
tical approaches to quantum information processing. As 
opposed to the standard, circuit model of quantum com- 
puting, where any computation is given by a sequence of 
reversible, unitary gates, in measurement-based quantum 
computing, universal quantum gates are encoded 'offline' 
into an entangled-state resource; suitable measurements, 
performed 'online' on this resources state, and, typically, 
some form of feedforward will then lead to the desired uni- 
tary evolution. Feedforward may sometimes be postponed 
until the very end of the computation, or even totally omit- 
ted through 'reinterpretation' of the 'Pauli-frame' ; nonethe- 
less, in some form it will be needed in order to render 
measurement-based quantum computation deterministic de- 
spite the randomness induced by the measurements. 

There are now further subcategories of measurement- 
based quantum computing. First, that based on full quan- 
tum teleportation lt44l involving online nonlocal measure- 
ments such as Bell measurements, as described in the pre- 
ceding section. Secondly, there is an ultimate realization of 
measurement-based quantum computing that requires all 
entangling operations be done offline and allows only for 
local measurements applied on the offline resource state 
- the cluster state JT|. In such a cluster computation, a 
multi-party entangled cluster state is first prepared offline. 
The actual quantum computation is then performed solely 
through single-party projection measurements on the indi- 
vidual nodes of the cluster state. By choosing appropriate 
measurement bases in each step, possibly depending on 
earlier measurement outcomes, any unitary gate can be ap- 
plied to an input state which typically becomes part of the 
cluster at the beginning of the computation, see Fig. 2.3.4. 



|¥) 



m — 



i+) 
i+) 
i+> 



Figure: 2.3.4 One-way (cluster) computation for qubits. Certain 
single-qubit basis states become pairwise entangled to form a 
multi-qubit cluster state. Local projection measurements on the 
individual qubits (potentially including feedforward with a mea- 
surement order going from left to right) are then enough to re- 
alize universal quantum computation. A multi-qubit input state 
\ip) attached to the left end of the cluster could, in principle, be 
universally processed with the output state occurring at the right 
end of the cluster. The vertical edges allow for two-qubit gates. 



X m HZ^) 



Figure: 2.3.5 Elementary 'one-bit' teleportation circuit for qubit 
cluster computation. The Cz gate represents a horizontal edge 
connecting two nodes of the cluster state. An input state \ip) 
is teleported into the left node, and a subsequent, local single- 
qubit measurement in the binary basis {Z]|±)} leaves the sec- 
ond node, up to a Hadamard gate H and a Pauli correction X 
depending on result m = 0, 1, in the unitarily evolved state 
Zg\ip), with the rotation angle 9 for a Z-rotation exp(—iOZ/2) 
controlled by the actual choice 6 for the measurement basis. 



The essence of cluster computation as described by 
the one-way model of quantum computation 0] can be 
summarized as follows: the cluster state is independent of 
the computation; universality is achieved through choice 
of measurement bases. This is illustrated in Fig. 2.3.5 for 
an elementary 'one-bit' teleportation circuit between just 
two nodes of a qubit cluster state; once an input state is 
part of the cluster (after it got teleported into the cluster), a 
local single-qubit measurement is then sufficient to apply 
an arbitrary Z-rotation. At the very beginning of a clus- 
ter computation, the cluster computer may be initiated in 
a product of 'blank' basis states |+) such that no extra en- 
coding teleportation step is needed; an arbitrary state can 
be anyway prepared within the cluster through local mea- 
surements. For example, an arbitrary single-qubit rotation 
requires just three elementary steps as shown in Fig. 2.3.5. 
In such a concatenation of elementary steps, for a given de- 
sired evolution, the later choice of the measurement bases 
depends on earlier measurement outcomes whenever non- 
Clifford gates are involved. 

Apart from the conceptual innovation, it turned out 
that, in particular, with regard towards linear optical quan- 
tum computation proposals, the cluster approach helps to 
reduce the resource costs significantly 05211531 . As there 
are no more nonlocal Bell measurements needed in cluster- 
based computation, but only local projections, the prob- 
lem of the nondeterministic linear-optics Bell measure- 
ments can be circumvented. Such Bell measurements may 
only be used for preparing a DV optical cluster state of- 
fline |53 l, whereas the online computation is perfectly de- 
terministic. Eventually, scalability and resource costs in 
linear-optics quantum computation are determined by the 
efficiency with which cluster states can be grown using 
probabilistic entangling gates [541 1551 . 

In a very recent extension of the DV cluster model, 
the analogous CV cluster computation approach is consid- 
ered [[56) . In the CV model, full CV universality can be ap- 
proached by applying linear Gaussian and nonlinear non- 
Gaussian measurements to a Gaussian, approximate CV 
cluster state. A discussion of universal CV cluster compu- 
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tation combining CV and DV measurements will be pre- 
sented in the section on hybrid schemes. 

We conclude this section by noting that typically there 
is a trade-off between the DV and CV optical approaches. 
The DV schemes are necessarily probabilistic and only at 
the expense of special extra resources can they be made 
neardeterministic; fidelities are usually quite high, near- 
unit fidelities. Conversely, in the CV schemes, fidelities 
tend to be modest and are necessarily below unity; nonethe- 
less, CV operations are typically deterministic. These char- 
acteristic features were already present in the earliest ex- 
periments of D V and C V quantum information processing, 
namely those demonstrating quantum teleportation of an 
unknown quantum state between two parties Il4ll57ll5l . 

Let us now consider the possibility of optically realiz- 
ing efficient quantum communication. Even for this sup- 
posedly simpler task than universal quantum computation, 
similar constraints and nogo results exist, when the tool- 
box is restricted to only linear operations. Especially when 
efficient and reliable quantum communication is to be ex- 
tended over large, potentially intercontinental distances, it 
turns out that this is, in principle, possible, but would re- 
quire not much less resources than needed for doing opti- 
cal quantum computation. 

2.4. Implementing efficient quantum 
communication efficiently? 

The goal of quantum communication is the reliable trans- 
fer of arbitrary quantum states, possibly drawn from a cer- 
tain alphabet of states. Quantum communication is "the 
art to transfer quantum states" l58l . This may then lead 
to various applications such as the secure distribution of 
a classical key (quantum key distribution [59.60.61 1) or 
the connection of spatially separated quantum computers 
for distributed quantum computing or a kind of quantum 
internet l62l . As light is an optimal information carrier 
for communication, one may send quantum states encoded 
into a stream of single photons or a multi-photon pulse 
through an optical channel. However, quantum informa- 
tion encoded in fragile superposition states, for example, 
using photonic qubits or qumodes, is vulnerable against 
losses and other sources of excess noise along the channel 
such that the fidelity of the state transfer will exponentially 
decay with the length of the channel. 

For instance, the 1 1) = a'\0) term of a single-rail qubit 
would partially leak into the vacuum modes of the chan- 
nel, a^O)®^)^ 10)+ VT^lOl), such that trac- 
ing over the channel mode leads to the final signal state 
77|1)(1| + (1 — t?) 1 0) (0 1 , with the transmission parame- 
ter -q = cxp(— L/L a tt) and the attenuation length £ a tt- 
If a photon that did make it through the channel is to be 
detected and, in particular, resolved against detector dark 
counts, this will become exponentially harder for longer 
channels. Similarly, a qumode in a coherent state would 
be transformed as \a) ® |0) c h — > \y/rja)\y/l — rja), cor- 
responding to the signal map \a) —> \^/rja). Although 



the coherent state remains pure, its transmitted amplitude 
would be decreased by an exponential factor. Any non- 
classical qumode state would exponentially decohere into 
a mixed state. 
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Figure: 2.4.1 Concept of a quantum repeater. The state \ip) is 
teleported to the remotest station after a long-distance entangled 
pair is created over the total channel. For this purpose, a supply of 
short-distance pairs is distributed over sufficiently short channel 
segments such that high-fidelity entangled pairs can be distilled 
and connected through entanglement swapping. Only this com- 
bination of entanglement distillation and quantum teleportation 
in a fully nested protocol enables one to suppress the exponen- 
tial decay of the transfer efficiencies or fidelities as obtained in 
direct state transmission. As the full protocol typically contains 
probabilistic elements, sufficient local memories are required. 

In long-distance, classical communication networks, 
signals that are gradually distorted during their propaga- 
tion in a channel are repeatedly recreated through a chain 
of intermediate stations along the transmission line. For 
instance, optical pulses traveling through a glass fiber and 
being subject to photon loss can be reamplified at each re- 
peater station. Such an amplification is impossible, when 
the signal carries quantum information. If a quantum bit is 
encoded into a single photon, its unknown quantum state 
cannot be copied along the line 16311641 : the photon must 
travel the entire distance with an exponentially decreasing 
probability to reach the end of the channel. 

The solution to the problem of long-distance quantum 
communication is provided by the so-called quantum re- 
peater EEL see Fig. 2.4.1. In this case, prior to the ac- 
tual quantum-state communication, a supply of standard 
entangled states is generated and distributed among not 
too distant nodes of the channel. If sufficiently many of 
these imperfect entangled states are shared between the 
repeater stations, a combination of entanglement purifica- 
tion and swapping extends this shared entanglement over 
the entire channel. Through entanglement swapping 11531 . 
the entanglement of neighboring pairs is connected, grad- 
ually increasing the distance of the shared entanglement. 
The entanglement purification 1 66 ,67 1 enables one to dis- 
till (through local operations) a high-fidelity entangled pair 
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from a larger number of low-fidelity entangled pairs, as 
they would emerge after a few rounds of entanglement 
swapping with imperfect entangled states and at the very 
beginning after the initial, imperfect entanglement gener- 
ation and distribution between two neighboring repeater 
stations. 

The essence of long-distance quantum communication 
as realized through the quantum repeater model |2 3 1 can 
be summarized as follows: provided sufficient local quan- 
tum memories are available and some form of quantum er- 
ror detection is applied, quantum communication over ar- 
bitrary distances is possible with an increase of (spatial 
or temporal) resources scaling only subexponentially with 
distance. Similar to what we concluded for efficient quan- 
tum computation, an in-principle efficient realization de- 
pends on a non-exponential resource scaling. Otherwise, 
without fulfilling this criterion, we could as well choose to 
directly transmit quantum states, similar to performing ex- 
ponentially many gate operations in an inefficient quantum 
computer. □ 

The main distinction between the communication and 
the computation scenario is that in the former case we may 
now use probabilistic operations; in particular, quantum er- 
ror correction may be replaced by quantum error detec- 
tion. However, this supposed advantage becomes a real 
advantage only provided that quantum states can be reli- 
ably stored during the waiting times for classical signals 
communicating successful events. So eventually, there is a 
trade-off between the requirements on memory times and 
local quantum gates, with the rule of thumb that only less 
efficient (in terms of fidelity) and more complex quantum 
error detection/correction schemes would lead to a reduced 
need for efficient memories 17 1 11721 . 

When it comes to turning the in-principle solution to 
scalable quantum communication over arbitrary distances 
in form of a quantum repeater into a realistic implemen- 
tation, what are the currently available resources regard- 
ing quantum memories and gates? For a repeater segment 
of the order of Lq ~ i at t ~ 20 km, with an optical 
fiber at minimal absorption of 0.17 dB/km corresponding 
to L a tt ~ 25.5 km, we have a classical communication 
time of at least Lq/c « 0.066 ms (ideally considering the 
vacuum speed of light c), in order to verify successful en- 
tanglement creation, swapping, or distillation events be- 
tween two neighboring stations. In order to extend this to 
a total distance of L ~ 2000 km, even if no intermediate 
stations are involved such that only a single heralded en- 
tanglement creation event is to be confirmed over the dis- 
tance L , a classical communication time of about 6.6 ms 



the naive approach of dividing the total channel into several 
segments that are connected through quantum teleportation with- 
out incorporating any form of quantum error detection and with- 
out using quantum memories is not enough to render quantum 
communication efficient with regard to resource scaling; how- 
ever, it may still help to enhance practicality of a scheme, for in- 
stance, in order to resolve single-photon signals against detector 
dark counts ("quantum relay" I59I68I69I70I ). 



would be needed. Although memory times approaching 60 
ms are achievable in electron spin systems 1731 . and single 
excitations may be stored and retrieved over a time scale of 
1-10 ms [7411751 . longer memory times would have to rely 
upon nuclear spins. However, even in this case, currently 
available memories (~ 1 s 1761 1771 ) do not match those 
needed in a fully nested repeater protocol. Moreover, the 
local quantum logic for error detection (requiring, effec- 
tively, a small quantum computer at each station), would 
further increase the actual memory requirements, for in- 
stance, when using probabilistic linear-optics gates l49l 
IBTfl . as discussed in the preceding section. 

The maximum distance for experimental quantum com- 
munication is currently about 250 km 17811591 . Although 
extensions to slightly larger distances may be possible with 
present experimental approaches [79], there are also var- 
ious proposals for actually implementing a quantum re- 
peater. The most recent proposals are based on the non- 
local generation of atomic (spin) entangled states, condi- 
tioned upon the detection of photons distributed between 
two neighboring repeater stations. The light, before trav- 
eling through the communication channel and being de- 
tected, is scattered from either individual atoms, for exam- 
ple, in form of solid-state single photon emitters 180118 II . 
or from an atomic ensemble, i.e., a cloud of atoms in a gas 
11821 (the 'DLCZ' scheme). 

In these heralded schemes, typically, the fidelities of 
the initial entanglement generation are quite high, but the 
heralding mechanism leads to rather small pair generation 
rates. Other complications include interferometric phase 
stabilization over large distances 183,84,85,86] and the 
purification of atomic ensembles. Yet some elements to- 
wards a realization of the DLCZ protocol have been demon- 
strated already (87HHHHHUHQ1 . 

The DLCZ scheme is initially based upon "hybrid" C V 
Gaussian entangled states, where hybrid here means that 
the entanglement is effectively described by a two-mode 
squeezed state with the two modes being a (symmetric) 
collective atomic mode for a large ensemble of N a atoms, 

i N » 

S a = -=5>M.s|, (16) 

V iVa i=i 

and a Stokes-light mode, a s 18211911 ; here, \g)i, |s), are 
the ground and metastable states of the ith atom before 
and after a Raman transition in a A configuration, respec- 
tively; \g) — > |e) is induced by a classical pump (with 
|e) being the excited state), while |e) — > \s) produces 
the forward-scattered Stokes light. In the regime of only 
low excitations, corresponding to short interaction times 
ti n t and Stokes mean photon numbers less than unity, the 
n = 0, 1 terms of the two-mode squeezed state, 

^-^(5lattanhr)"|0) Q |0) s /n!, (17) 

with |0) a = ®^ 1 \g)i and "squeezing parameter" r, are 
dominating such that the resulting atom-light state becomes 
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approximately |0) a |0) s + r Sla\\0) a \0) s . To this order, 
dropping terms 0(r 2 ) and higher, by creating the same 
state at the nearest repeater station equipped with atomic 
memories and combining the Stokes fields coming from 
both stations, labeled by si and s2, at a central beam split- 
ter in order to erase which-path information, 

al 1/s2 \^)sins2 -> (4 ± at a )|0>.i|0WV2, (18) 

single-photon detector events would trigger an entangled 
state of the form {S\ x ± S\ 2 )\Q) a i\Q) a2 / V2 between the 
ensembles denoted by al and a2. The initial atom-light en- 
tanglement is completely swapped onto the atomic mem- 
ories. Additional atomic "vacuum" contributions originat- 
ing from detector dark counts would be (to some extent) 
automatically removed from the final states; a kind of pu- 
rification "built into" the entanglement swapping process. 
The effect of atomic spontaneous emissions is suppressed, 
because a single atomic spin mode gets collectively en- 
hanced for sufficiently large ensembles N a 3> 1. 

Though, in principle, being "fully CV" at the begin- 
ning, the DLCZ protocol uses DV measurements with pho- 
ton detectors in order to conditionally prepare DV entan- 
gled states. Ideally only the single excitations from the ini- 
tial Gaussian states would contribute to the final DV state. 
Only in this limit (corresponding to small "squeezing" r), 
we will obtain near-unit fidelity pairs, F w 1 — r 2 , at the 
expense of longer average creation times, T « To/r 2 , with 
Tq = tint + Lq/c. In some sense, we could as well add 
DLCZ to the list of hybrid schemes according to our defi- 
nition, as it combines (very weakly excited) CV resources 
with DV measurements, resulting in DV output states. 

This is in contrast to the complementary approaches 
of the Polzik group who use similar physical systems and 
interactions, i.e., atomic ensembles with Stokes light, but 
remain fully CV throughout for light-matter teleportations 
11921 and interfaces l93l , as their operations consist of CV 
homodyne detections and feedforward. In their atom-light 
CV approach, two orthogonal components of the optical 
Stokes operators and the atomic collective spin operators 
are each well approximated by (rescaled) qumode phase- 
space variables. To sum up, we may say now that in DLCZ 
effectively "flying qumodes" become "static qubits", while 
in Polzik's schemes, "flying qumodes" become "static qu- 
modes". The advantage of the latter approach is clearly 
that it is entirely unconditional with no need for any herald- 
ing element; this, as typical in fully CV schemes, is at the 
expense of only imperfect non-unit fidelities. 

In either case, however, the interactions take place in 
free space, with many atoms effectively enhancing the cou- 
pling between the collective spins and the light field. Yet 
other approaches to quantum communication would turn 
"flying qubits" (e.g. polarization-encoded photonic qubits) 
into "static qubits" 1 59, 80, 81 ,94]. Later, in the section on 
hybrid schemes, we shall describe a scenario in which a 
single DV spin system (an atomic qubit) is to be entangled 
with a CV qumode; so then the light-matter coupling is 
qualitatively different, for instance, taking place and being 



enhanced in a cavity, and a "flying qumode" will mediate 
the entangling interaction between two "static qubits"; as 
a "genuine" hybrid scheme - the CV qumode component 
will have to have high excitation numbers as opposed to 
the single excitations of DLCZ - such a scheme, though 
not being fully unconditional, will contain an only moder- 
ate conditional element. 

In summary, all those approaches discussed in this sec- 
tion are still fairly demanding with current technology. Es- 
pecially, in the DV setting, with its highly conditional en- 
tangled-pair creation and connection protocols, the mini- 
mal requirements on the necessary quantum memories ll95l 
96,97] are far from being met using state-of-the-art re- 
sources. Even though a fully CV approach, as implemen- 
ted in the Polzik experiments, is tempting, because of its 
unconditionalness for entanglement creation and swapping, 
entanglement distillation has been shown to be impossible 
with only Gaussian states and Gaussian operations [98,99, 
1 1 001 . So it seems there is always a price to pay when cer- 
tain types of resources are replaced by supposedly cheaper 
ones. In the next section, we will now discuss the very re- 
cent concept of hybrid quantum information processing, 
which could be useful for both efficient quantum compu- 
tation and communication. 



3. Hybrid approaches 

Let us recall our definition of a hybrid protocol. We re- 
fer to a quantum information scheme as hybrid, whenever 
it is based upon both discrete and continuous degrees of 
freedom for manipulating and measuring the participating 
quantum subsystems. In the quantum optical setting, this 
includes in particular those approaches that utilize light 
for communication and employ matter systems for stor- 
age (and processing) of quantum information 110111 . as the 
optical qumodes are most naturally represented by their 
quantized position and momentum (amplitude and phase 
quadrature) variables, whereas the atomic spins or any two- 
level structures in a solid-state system provide the natural 
realization of qubits. An important ingredient of such hy- 
brid schemes may then be a particularly intriguing form of 
entanglement - hybrid entanglement, i.e., an inseparable 
state of two systems of different dimensionality, for exam- 
ple, between a qubit and a qumode. 

We shall also remind the reader of the motivation for 
combining CV and DV approaches, besides the "natural" 
motivation of representing and using hybrid light-matter 
systems, as stated in the preceding paragraph. CV Gaus- 
sian resources can be unconditionally prepared and Gaus- 
sian operations are deterministic and (experimentally) effi- 
cient. Nonetheless, there are various, highly advanced tasks 
which would require a non-Gaussian element: 

- quantum error detection and correction for qumodes 
are impossible in the Gaussian regime 198,99, 1001 11021 . 

- universal quantum computation on qumodes is impos- 
sible in the Gaussian regime [8][9]. 
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The non-Gaussian element may be provided in form 
of a DV measurement such as photon counting. There are 
also a few simpler tasks which can be performed better 
with some non-Gaussian element compared to a fully Gaus- 
sian approach, for instance, quantum teleportation 111031 or 
optimal cloning 1 104, 105 ] of coherent states. 

Similarly, (efficient) universal quantum computation on 
photonic qubits would depend on some nonlinear element, 
either directly implemented through nonlinear optics or in- 
duced by photon measurements, as discussed in detail in 
Sec. 2.3. In addition, there are even supposedly simpler 
tasks which are impossible using only quadratic interac- 
tions (linear transformations) and standard DV measure- 
ments such as photon counting. The prime example for this 
is a complete photonic Bell measurement lll2lll3lfT4ll . 

It is worth pointing out that the above restrictions and 
nogo results apply even when linear elements and photon 
detectors are available that operate with 100% efficiency 
and reliability (i.e., fidelity). In other words, the imposed 
constraints are of fundamental nature and cannot be re- 
solved by improving the experimental performance of the 
linear elements, for example, by further increasing squeez- 
ing levels. 

Incorporating both nonlinear resources and nonlinear 
operations into an optical quantum information protocol 
would enable one, in principle, to circumvent any of the 
above constraints. Such an approach, unless weak nonlin- 
earities are employed, will most likely be more expensive 
than schemes that stick to either linear resources or linear 
operations. There are now many proposals for optically 
implementing quantum information protocols through a 
kind of hybrid approach. Among other classifications, two 
possible categories for such hybrid schemes are: 

- those based upon nonlinear resources using linear op- 
erations, 

- those based on linear resources using nonlinear opera- 
tions. 

In the latter case, for instance, D V photon number mea- 
surements may be applied to CV Gaussian resources. The 
former type of implementations would utilize, for exam- 
ple, CV homodyne measurements and apply them to DV 
photonic qubit or other non-Gaussian states. Some of these 
approaches will be presented, with regard to hybrid quan- 
tum computing (Sec. 3.3), in Sees. 3.3.3 and 3.3.4, after a 
discussion on qubit-into-qumode encodings in Sec. 3.3.1 
and hybrid Hamiltonians (Sec. 3.3.2). As an additional ap- 
proach for incorporating a nonlinear element into a quan- 
tum information protocol, in Sec. 3.3.5, we shall give a 
brief description of schemes using weakly nonlinear oper- 
ations. Finally, we will turn to hybrid quantum communi- 
cation in Sec. 3.4. 

The notion of hybrid entanglement and some of its ap- 
plications as well as qubit-qumode entanglement transfer 
will be discussed in Sec. 3.2. As a start, however, let us 
give a short summary of some earlier hybrid proposals and 
implementations and some more recent schemes. 



3.1. Overview 

The hybrid approaches may either aim at "simpler" tasks 
such as quantum state engineering and characterization, or 
at the ultimate applications of universal quantum comput- 
ing and long-distance quantum communication. Here is a 
short overview on theory and experiments. 

Realizing POVMs: 
theory: optimal unambiguous state discrimination of bi- 
nary coherent qumode states | ± a) using a 50:50 beam 
splitter, a coherent-state ancilla, and a DV measurement 
discriminating between zero and nonzero photons (on/off 
detector) j33) (see Fig. 2.2.3); 

theory and experiment: near-minimum error discrimina- 
tion of | ± a) using displaced on/off detectors beating the 
optimal Gaussian homodyne-based discrimination scheme 

una. 

Quantum state engineering: 
generation of Schrodinger-cat (coherent-state superposi- 
tion, CSS) states with a "size" of \a\ 2 ~ 1.0 — 2.6; from 
Gaussian squeezed vacuum through DV photon subtrac- 
tion using beam splitters and photon detectors, theory [ 1 08 1 
and experiment E30ji09l [3Tl[32l : from squeezed vacuum 
and one-photon (two-photon) Fock states through beam 
splitters, CV homodyne detection, and postselection yield- 
ing squeezed Fock states and approximate odd (even) CSS 
states (see Fig. 3.1.1), theory 111 101 and experiment 111 1 11 ; 
experiments: single-mode photon-added/subtracted coher- 
ent state 111 121 and thermal state 11 131 . 




-Str.i|o) 



Figure: 3.1.1 Conditional preparation of an odd (even) CSS state 
using DV one-photon (two-photon) Fock states, |V>m) = |1) 
(IV'in) = |2)) and CV squeezed vacuum resources, S^r^O), to- 
gether with CV homodyne detection and postselection 11101 . 



Quantum state characterization: 
theory: measurement of entanglement and squeezing of 
Gaussian states through beam splitters and photon count- 
ing II 141 ; measurement of Bell nonlocality of Gaussian 
two-mode squeezed states via photon number parity de- 
tection 11151 : 

experiment: homodyne tomography of one-photon state 
11071 . homodyne tomography of two-photon state [ 1 16]. 

Quantum communication subroutines: 
theory: entanglement concentration (EC) of pure Gaussian 
two-mode squeezed states (TMSSs) through DV photon 
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subtraction Ml 171 : entanglement distillation (ED) of noisy 
Gaussian TMSSs using beam splitters and on/off detectors 
111 181 or photon number QND-measurements [119 1 201 ; 
experiment: EC of pure TMSSs through nonlocal 11211 
and local 11221 DV photon subtraction; ED of Gaussian 
TMSSs subject to non-Gaussian noise such as phase diffu- 
sion 11231 and random attenuation 111241 . 

Quantum computational resources: 
theory: conditional creation of non-Gaussian cubic phase 
states from TMSSs through DV photon counting, as a re- 
source to implement CV cubic phase gates (GKP, iflOl ); 
generalization of such cubic-gate schemes 11251 : univer- 
sal DV gates through weak Kerr-type nonlinearities and 
strong CV Gaussian probes 11261 . 

More details on the GKP scheme will be presented in 
Sec. 3.2. The pioneering "hybrid" work is the experiment 
of Lvovsky et al. in which CV, homodyne-based quan- 
tum tomography is performed for the discrete one-photon 
Fock state 11071 . The reconstructed Wigner function in this 
experiment has a strongly non-Gaussian shape including 
negative values around the origin in phase space. 

According to an even earlier, theoretical proposal, CV 
quantum teleportation 11271 is applied to DV entangled 
states of polarization-encoded photonic qubits 11281 . trans- 



ferring DV Bell-type nonlocality through CV homodyne 
detection and optimized displacements in phase-space for 
feedforward ("gain tuning"). Optical CV quantum telepor- 
tation of DV photonic states was further explored by Ide 
et al. 1 12911 1301 , combining CV tools such as gain tuning 
with postselection, an ingredient inherited from the condi- 
tional DV approaches. 

It is important to notice that for an experimental imple- 
mentation of a hybrid scheme in which DV and CV tech- 
niques and resources are to be combined (for example, for 
CV quantum teleportation of DV states), the standard way 
of applying such methods has to be generalized. In partic- 
ular, frequency-resolved homodyne detection, as used, for 
instance, in CV quantum teleportation of coherent states 
0, must be extended to time-resolved homodyning 11311 
in order to synchronize the CV operations with DV photon 
counting events. 0CV operations must act on a faster scale: 
while the standard CV experiments used single-mode cw 
light sources with narrow sidebands of ~ 30 kHz, the new 
generation of hybrid experiments relies upon bandwidths 
of at least ~ 100 MHz, corresponding to time scales of 
- 100 ns 1T331 . 

A beautiful example of a typical hybrid scheme ac- 
cording to our definition is the "offline squeezing" pro- 
tocol from Ref. 11 101 for quantum state engineering, ex- 
perimentally demonstrated in Ref. 11111 . see Fig. 3.1.1. In 



" this extension means that, for instance, measurements on 
quantum states in the weak-excitation regime are no longer re- 
stricted to time-resolved photon counting only (like in the DLCZ 
repeater proposal), but would include time-resolved homodyn- 
ing; conversely, an extension from frequency-resolved homodyn- 
ing to frequency-resolved photon counting could be considered 
as well 11321 . 



this scheme, approximate CSS states are built using linear 
CV measurements with outcomes within a finite postse- 
lection window, linear CV squeezed-state, and nonlinear 
DV Fock-state resources. The protocol works by squeez- 
ing the input Fock state, e.g., |1) — > S(r)\l), which corre- 
sponds approximately to an odd CSS state (oc \a) — \ — a)) 
and would be hard to achieve "online" using the standard 
squeezing techniques such as optical parametric amplifi- 
cation. Though postselection renders the protocol prob- 
abilistic, it enables one to preserve the non-Gaussianity 
of the input Fock state. This is different from the non- 
hybrid "offline squeezing" approach of Refs. 1 13411 1351 . 
where postselection is replaced by a continuous feedfor- 
ward operation such that "offline squeezing" is applied in 
a fully Gaussian, deterministic fashion. Later we shall dis- 
cuss how to realize arbitrary squeezing operations on an ar- 
bitrary input state through deterministic, homodyne-based 
cluster computation. 



(a) 
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Figure: 3.1.2 Approximate discrimination of binary coherent 
states {| ± a)}. Complementary to the probabilistic, error-free 
USD scheme (Fig. 2.2.3), an appropriate single-mode transfor- 
mation [(b) optimal displacement D, (c) optimal squeezing S and 
displacement D, (d) optimal nonlinear non-Gaussian transforma- 
tion U] in front of an on/off photon detector achieves close-to- 
optimal (b), even closer-to-optimal (c), and optimal (minimum- 
error) discrimination (d), and would always beat the optimal CV 
receiver solely based upon homodyne detection (a) j 1 371 . 



In the non-hybrid, Gaussian CV regime, it is known 
how useful largely (offline) squeezed states are for engi- 
neering all kinds of multi-party entangled states includ- 
ing arbitrary CV graph states 11361 . On the other hand, 
typically, squeezing was explicitly excluded from the tool- 
box for DV (linear-optical) quantum information process- 
ing (6). One important aspect of the more recent hybrid 
approaches is that squeezing is no longer considered a re- 
source solely for CV protocols. The above quantum-state- 
engineering schemes may serve as examples for this. 

Besides quantum state engineering, however, there are 
other tasks in quantum information that may benefit from 



6 in the experiment of Ref. II I II . a two-photon state \n = 2) 
was simply split at a beam splitter; so the squeezed vacuum in 
Fig. 3.1.1 was just a vacuum state. Postselection through time- 
resolved homodyne detection led to an output CSS state which 
was squeezed by 3.5 dB. Theoretically, the fidelity of the CSS 
state would approach unity for input Fock states \n) with n — > oo 
fTTTl . 



Copyright line will be provided by the publisher 



Laser & Photonics 



the use of squeezing, especially when the squeezing trans- 
formation can be applied online to an arbitrary state at any 
time during a quantum protocol. One example for this is 
the near- minimum error discrimination of binary coherent- 
state signals 11371 . a protocol complementary to the error- 
free USD as depicted in Fig. 2.2.3. In this case, squeezing 
is needed to obtain the optimal Gaussian transformation 
that, in combination with DV photon detection, leads to a 
near-optimal state discrimination, Q see Fig. 3.1.2. 

The bottom line of the discussion here is that squeez- 
ing added as an online tool to the standard linear-optics 
toolbox may be of great benefit, beyond the more conven- 
tional quantum-state engineering schemes. Further exam- 
ples are given later in the section on hybrid quantum com- 
puting, where squeezing is a necessary correction opera- 
tion in order to implement nonlinear quantum gates in a 
measurement-based fashion. Online squeezing could also 
be used to "unsqueeze" the squeezed CSS state emerging 
in the experiment of Ref . 01 111 . 

Finally, concluding this overview of hybrid proposals 
and experiments, let us at least mention the ultimate appli- 
cation of CSS states for fault-tolerant, universal quantum 
computation presented in Ref. 111421 and discuss yet an- 
other way to create such states 114311 . 

In Section 2.3, we started using the qubit Pauli opera- 
tor basis X, Y, and Z as elementary gates, and rotations 
along their respective axes, Zg, etc., to describe and real- 
ize arbitrary single-qubit unitaries. In analogy, we used a 
similar notation for the qumode WH (displacement) oper- 
ator basis, X(t) and Z(t). Here, in the hybrid context, we 
shall exploit interactions and operations involving combi- 
nations of DV qubit and CV qumode operators and there- 
fore we prefer to use unambiguous notations: for qumodes, 
still X(t) = exp(— 2irp) and Z(t) = exp(2iri) for the 
WH group elements, and x and p for the Lie group gener- 
ators with a = x + ip\ for qubits, now a x = X, a y = Y, 
and a z = Z for the Pauli basis. Now look at the effec- 
tive interaction obtainable from the fundamental Jaynes- 
Cummings Hamiltonian, hg(a'cr- + aa + ), in the disper- 
sive limit II 1441 . 

Hint = hxcrza^a . (19) 

Here, a (cr) refers to the annihilation (creation) opera- 
tor of the electromagnetic field qumode in a cavity and 
a z = |0)(0| — |1)(1| is the corresponding Pauli opera- 
tor for a two-level atom in the cavity (with ground state 
|0) and excited state |1)). The atomic system may as well 
be an effective two-level system with an auxiliary level 
(a yl-system), as described earlier for the DLCZ quantum 
repeater. However, this time we do not consider the col- 
lective spin of many atoms, but rather a single electronic 

7 The actual optimal (i.e., minimum-error) discrimination 
would correspond to a projection onto a CSS basis. This so-called 
Helstrom bound 11381 is attainable by replacing the Gaussian 
transformation in front of the photon detectors by a non-Gaussian 
one 11391 , see Fig. 3.1.2. Remarkably, this highly nonlinear, opti- 
mal measurement can also be achieved by only photon detection 
and real-time quantum feedback 1 14011 14 1 1 . 



spin for a single atom (in a cavity). The operators er + and 
(cr_) are the raising (lowering) operators of the qubit. The 
atom-light coupling strength is determined by the param- 
eter x = 9 1 1 A, where 2g is the vacuum Rabi splitting 
for the dipole transition and A is the detuning between the 
dipole transition and the cavity field. The Hamiltonian in 
Eq. ( fl9] l generates a controlled phase-rotation of the field 
mode depending on the state of the atomic qubit. This can 
be written as (9 = %£) 

R(9a z ) = exp(-i9a z a"<a) , (20) 

which, compared to Eq. (0, now describes a unitary opera- 
tor that acts in the combined Hilbert space of a single qubit 
and a single qumode. We may apply this operator upon a 
qumode in a coherent state, and may formally write 

R{9a z )\a) = \aexp{-i9a z )) . (21) 
Compared to the uncontrolled rotation in Eq. Q, this time 
the qumode acquires a phase rotation depending on the 
state of the qubit, see Fig. 3.1.3. As the eigenvalues of a z 
are ±1, applying R(9a z ) to the initial qubit-qumode state 
| a) <g> (|0) + |1)) /V^ results in 

|aexp(-*0cT„)>® (|0) + |l»/\/2 

= (|aO|0) + |ae* e )|l))/V2, (22) 
a hybrid entangled state between the qubit and the qumode. 

The observation that this hybrid entangled state can be 
used for creating a macroscopic superposition state of a 
qumode, a CSS state, by measuring the microscopic sys- 
tem, the qubit, is about 20 years old 111431 . A suitable mea- 
surement is a projection onto the conjugate a x qubit basis, 
{|±)}, equivalent to a Hadamard gate applied to the qubit, 

(|ae-* e )|+) + |«e* e )|-))A/2, (23) 

followed by a qubit computational a z measurement. De- 
pending on the result, we obtain oc \ae~ lB ) ± \ae ie ) for the 
qumode. The size of this CSS state depends on the distance 
between the rotated states in phase space, see Fig. 3.1.3, 
scaling as ~ a9 for typically small 9 values. However, 
sufficiently large initial amplitudes a still lead to arbitrar- 
ily "large" CSS states (at the same time increasing their 
vulnerability against photon losses). 



P 




Figure: 3.1.3 Controlled phase rotation of a qumode in a co- 
herent state, a real. Depending on the qubit state, a, — ±1, the 
phase angle of the controlled rotation will be =p#. When the qubit 
starts in a superposition state, oc |0) + 1 1), we obtain a hybrid en- 
tangled state between the qubit and the qumode. 
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This is a manifestation of a weak nonlinearity which 
is effectively enhanced through a sufficiently intense light 
field. Although typically the "single-atom dispersion" it- 
self is rather weak with small phase angles of at most 
8 ~ 10~ 2 , it does not require strong coupling; in a CQED 
setting, the only requirement is a sufficiently large cooper- 
ativity parameter 11451 . In the following sections, we shall 
also consider using weak nonlinearities for certain quan- 
tum gate constructions and, more generally, sets of hybrid 
operations such as controlled displacements and rotations 
sufficient for universal quantum computing. 

Essential part of any such protocol is the generation 
of hybrid entanglement, as expressed by Eq. (|22| |. Then 
measuring the qubit appropriately yields macroscopic CSS 
states, as described; measurements on the qumode may 
be useful for creating entangled qubit memory pairs in 
quantum communication, and, for the ultimate application, 
no measurements at all may still give universal quantum 
gates, as shown later. Let us now look in a little more de- 
tail at the notion of hybrid entanglement. 

3.2. Hybrid entanglement 

In the preceding section, we encountered the example of 
an entangled state between a qubit and a qumode. This 
state, though defined in a combined qubit-qumode, hence 
infinite-dimensional Hilbert space, can be formally writ- 
ten in a two-qubit Hilbert space, as we shall explain in this 
section. Thus, the entanglement of this state can be conve- 
niently quantified. 

Besides entanglement measures for quantifying entan- 
glement, entanglement qualifiers, so-called entanglement 
witnesses, have become useful tools for delineating insep- 
arable states. Such witnesses are well-known for C V Gaus- 
sian states 1146111471 as well as for DV density operators 
1 1 48 1 . Optically encoded quantum information, however, 
may comprise DV photonic qubit states in a Fock subspace 
or general non-Gaussian entangled states. Using the partial 
transposition inseparability criteria [149 148], Shchukin 
and Vogel demonstrated that certain inseparability crite- 
ria for states living in a physical bipartite space of two 
qumodes can be unified under one umbrella in terms of a 
hierarchy of conditions for all moments of the mode oper- 
ators 015011 (their results were further refined by Miranow- 
icz and Piani 11511 ). These general conditions then include 
the previously known criteria expressed in terms of sec- 
ond moments 1 146l ll47l as a special case, even those be- 
lieved to be independent of partial transposition 1 1461 . For 
non-Gaussian entangled states, the second-moment crite- 
ria would typically fail to detect entanglement, and a possi- 
ble entanglement witness would have to incorporate higher- 
order moments. 

Another interesting aspect when comparing qubit and 
qumode entangled states is whether the readily available, 
naturally given amounts of potentially unbounded CV en- 
tanglement can be transferred onto DV qubit systems 01521 
11531 . In the following subsection, we shall first consider 



qubit-qumode hybrid entangled states, including a discus- 
sion on how to witness and possibly quantify their en- 
tanglement. Further, we will devote another subsection to 
the topic of transferring entanglement between qubit and 
qumode systems. 

3.2.1. Qubit-qumode entangled states 
Consider the following bipartite state, 

(|^>|0> + |^i)|l))/V2, (24) 

with an orthogonal qubit basis { |0) , 1 1) } and a pair of lin- 
early independent qumode states |-0o) an d IV'i)- A specific 
example of such a state and a possible way to build it was 
presented in Eq. d22l i and the preceding discussion. 

Clearly, the state in Eq. d24l i becomes a maximally en- 
tangled, effective two-qubit Bell state when (V'olV-'i) — * 0. 
For < KV'olV'i)! < 1. the state is nonmaximally entan- 
gled, but still can be expressed effectively as a two-qubit 
state. This can be seen by writing the two pure, nonorthog- 
onal qumode states in an orthogonal, two-dimensional ba- 
sis, {\u),\v)}, 

|V>o) = V-W) + u\v), 

\^ 1 ) = { i j\u)-v\v))e i * , (25) 

where v = y/l - fi 2 with \i = [l + e^V'olV'i)] 1/2 /V2. 
Then, using this orthogonal basis, 

|u> = (|Vto>+e-*hM)/(20), 

\v) = (\i> )-e- i *\ip 1 ))/(2v), (26) 
the hybrid entangled state of Eq. d24l i becomes 

mM0) + v/1-M 2 K')|i} , (27) 

a nonmaximally entangled two-qubit state with Schmidt 
coefficients fi and yl — where 1 ebit is obtained only 
for n — > l/\/2 and (^olV'i) 0- Quantifying the entan- 
glement is straightforward, as the entropy of the reduced 
density matrix is a function of the Schmidt coefficients. 

It is interesting to compare the state of Eq. d24"i i with a 
bipartite qumode-qumode entangled state of the form 

{\ij; )\ip )±\^ l )\il> 1 ))/^NZ, (28) 

assuming the overlap (V'olV'i) is rea l 111541 . First of all, 
in this case, a normalization constant N± is needed, de- 
pending on (t/>o l^i ) ■ Secondly, and quite remarkably, such 
a state may always represent a maximally entangled two- 
qubit state (in the subspaces spanned by \ipo) an d | V'l))' m ~ 
dependent of (t/jo\ipi), but depending on the relative phase 
II154II155I1T561 . i.e., the sign in Eq. (g8). 

The prime example for such qumode-qumode entan- 
gled states are two of the so-called quasi-Bell states, 

| l f ± ) = (|a)|a)±|-a)|-a))/ v ^V±, (29) 

with N± = 2 ± 2e- 4 l Q l 2 . The state |#~) is identical to 
the two-qubit Bell state (\u)\v) + \v)\u))/y/2 when 2fi = 
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V2 + 2e- 2 H 2 , 2v = V2 - 2 e - 2 M 2 , and iV_ = 8/rV, 
which is maximally entangled with exactly 1 ebit of en- 
tanglement for any a ^ 0. In contrast, the state |<? + ) 
only equals the one-ebit Bell state + \v)\v))/^/2 

in the limit of orthogonal coherent states, (a\ — a) — >• 
for a —> oo@ 

The amount of entanglement in the qubit-qumode and 
qumode-qumode states of Eqs. d24b and d28l l. respectively, 
is bounded above by one ebit, corresponding to a maxi- 
mally entangled two-qubit Bell state. This is different from 
a "genuine" C V qumode-qumode entangled state such as a 
Gaussian two-mode squeezed state, which contains an ar- 
bitrary amount of entanglement for sufficiently high levels 
of squeezing, see Fig. 3.2.1 in the next section^ 

Let us further mention that the quantification of entan- 
glement of the hybrid states in Eqs. (1241) and ( f28l > (we may 
also refer to the latter as hybrid in the sense that the two 
physical qumodes each effectively live in a two-dimension- 
al logical subspace) becomes more subtle, when they are 
mapped onto mixed states. For example, a qumode could 
be subject to an imperfect channel transmission, for in- 
stance, in a lossy fiber. Then for the special case of |^o) 
and \ tpi) being coherent states do we still obtain qubit-like 
expressions, as the coherent states themselves remain pure 
under amplitude damping (and the resulting mixed states 
would be expressible and hence quantifiable as two-qubit 
density operators in the orthogonal {\u), |w)}-basis, see, 
for example, Ref. 1 160]). In this case, the density operator 
decoheres faster for larger amplitudes a; an effect which 
will become important later in the hybrid quantum com- 
munication schemes. 

Finally, it is worth pointing out that lower bounds on 
the entanglement of (pure or mixed) non-Gaussian entan- 
gled states such as those pure-state examples in Eq. d29b 
can be derived from the standard measures for Gaussian 
entanglement 11611 1621 by simply calculating the entan- 
glement for the Gaussian state with the same second-mo- 
ment correlation matrix as the non-Gaussian state given; 
in other words, for a given correlation matrix, the corre- 
sponding Gaussian-state entanglement provides a conser- 
vative and hence safe estimate on the actual entanglement 
of the state in question fT63lFl 

Apart from applying entanglement measures to hybrid 
and non-Gaussian entangled states, it is sometimes enough 
to have a (theoretical and, in particular, experimental) tool 



8 similarly, for the other two (quasi-)Bell states, we then have 
\a) | — a) — | — a)\a) oc \u)\v) — \v) \u) for any value of a, but 
|a)| — a) + | — a)\a) oc — \v )\v) only when a — > oo. 

9 the entropy of the reduced density matrix of a two-mode 
squeezed state, i.e., its entanglement would exceed one ebit at 
about 4.5 dB squeezing. Thus, the currently available squeezing 
levels of about 10 dB |157 158 159|, corresponding to about 3 
ebits (see Fig. 3.2.1), would easily suffice to outperform those 
hybrid entangled states discussed in the present section. 

10 note that Gaussian states also provide an upper bound on 
the entanglement when only the correlation matrix is known: for 
given energy, Gaussian states maximize the entanglement 11641 . 



in order to decide whether a given state is entangled or 
not. Such entanglement qualifying criteria are typically re- 
lated with certain observables (Hermitian operators) W for 
which the expectation value Tr(pW) is nonnegative for all 
separable states p, whereas it may take on negative values 
for some inseparable states p. Entanglement witnesses are 
well-known for CV Gaussian states 1 14611 1471 as well as 
for D V density operators 111481 . 

Qumode-qumode entangled states like those in Eq. (128b 
may be identified through the partial transposition criteria 
1149U148II adapted to the case of arbitrary CV states 11501 
115111 . As a result, all known C V inseparability criteria, in- 
cluding those especially intended for Gaussian states and 
expressed in terms of second moments 1146111471 . can be 
derived from a hierarchy of conditions for all moments of 
the mode operators a and a' . Moreover, for non-Gaussian 
entangled states, for which the second-moment criteria typ- 
ically fail to detect entanglement, the higher-moment con- 
ditions would work. The concept for these criteria is as 
follows. 

It is known that for any positive operator P > 0, we 
can write P = f'f such that Ti(pf'f) is nonnegative 
for any operator / and any physical state p. Then we may 
choose the bipartite decomposition / = J^ij CijAi <E> Bj, 
for which 

< Tr(ppf) 
= 4j^{ P A\A k <g> B}Bi)c k i 

ij,kl 

= J2<A M (P)^MCu, (30) 

ij,kl 

for any coefficients . Hence the matrix M(p) is positive - 
semidefinite for any physical state p. Now any separable 
state p remains a physical state after partial transposition of 
either subsystem such that M(p TA ) and M(p TB ) remain 
positive-semidefinite matrices, where Ta and Tb denotes 
partial transposition for subsystem A and B, respectively. 
Then, negativity of M(p TA ) or M{p TB ), and hence neg- 
ativity of any subdeterminant of M(p TA ) or M(p TB ) is 
a sufficient criterion for entanglement, from which sets of 
inequalities can be derived with convenient choices for the 
local operators A; and Bj 111501 . 

One such choice for a qumode-qumode state would be 
each qumode's position and momentum operators, even- 
tually reproducing Simon's criteria in terms of second- 
moment correlation matrices 11471 . Another choice, adap- 
ted to a qubit-qumode state of the form in Eq. (l24l i. is given 
by {Ai} = {|0)(O|,|0)(1|} and {Bj} = {l,x,p}, with 
some generic qubit state \(j>) 11651 . The resulting expec- 
tation value matrix M(p) then serves again, using partial 
transposition, as a tool to detect entanglement, this time for 
hybrid qubit-qumode states. This can be particularly useful 
for verifying the presence of effective entanglement in a 
binary coherent-state-based quantum key distribution pro- 
tocol [ 166 167 1 as a necessary security requirement 11681 . 
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The choices for the local operators A, and Bj dis- 
cussed so far all lead to second-moment conditions only. 
These are experimentally most accessible, but may fail to 
detect some form of non-Gaussian entanglement. For qu- 
mode-qumode states, a more general choice is the nor- 
mally ordered form for /, / = J2 nm kl c ™h^ n a m tf k b l , 
with mode operators a and b for the two qumodes A and 
B, respectively. Inserting this into Ti(p TA p f) > or 
Tr(p TB /t /) > yields a hierarchy of separability condi- 
tions in terms of the moments of the mode operators. For 
example, the quasi-Bell state |'P r_ ) of Eq. (l29l i leads to a 
subdeterminant of the matrix of moments with a sufficient 
order of the moments such as ((vab'b) which becomes 

-« 6 cot ^fl = s, for real a I150II1511 . This subdeter- 
minant is negative for any nonzero a, proving the entan- 
glement of the state for any a ^ Qpl 

To conclude this section, let us summarize that it is 
straightforward to quantify the entanglement of hybrid qu- 
bit-qumode and non-Gaussian qumode-qumode states, pro- 
vided these states can be represented in two-dimensional 
subspaces. Otherwise, in order to detect the inseparability 
of such states, the partial transposition criteria expressed 
in terms of matrices of moments can be used. In a recent 
experiment, employing CV quantum information encoded 
into the spatial wavefunction of single photons, fourth- 
order- moment entanglement was detected B169L 

3.2.2. Qubit-qumode entanglement transfer 

As the entanglement in Gaussian qumode states is uncon- 
ditionally available and, in principle, unbounded, it is tem- 
pting to consider protocols in which the CV entanglement 
is transferred onto DV systems. Especially the local mem- 
ory nodes in a quantum repeater are typically represented 
by atomic spin states (recall the discussion in Sec. 2.4). So 
the unconditional generation of CV entanglement and its 
efficient distribution between two repeater stations should 
then be supplemented by a transfer of the transmitted ebits 
(in form of flying qumodes) onto the local, electronic or 
nuclear, storage spins (in form of static qubits). 

Consider the distribution of two-mode squeezed states, 
S^Lo tanh™ r\n,n)/ cosh r, with squeezing r. In princi- 
ple, an amount of entanglement in ebits 117011 . 

E(r) = cosh 2 rlog 2 (cosh 2 r) — sinh 2 r log 2 (sinh 2 r) , 

(31) 

could then be shared between the ends of the channel. 
Realistically, of course, the entanglement distribution will 
be subject to photon losses, leading to a highly degraded, 
shared CV entanglement; though always a nonzero amount 
of entanglement remains, unless additional thermal noise 
sources are present along the channel 1 146| . We shall take 

11 note that s — > for a — > ±oo and that s is maximally 
negative, s ~ —0.125, for \a\ < 0.4, even though we know that 
i? - ) has constant entanglement of one ebit for any nonzero a. 



into account lossy channels in a later section. In this sec- 
tion, let us neglect the imperfect channel transmission and 
consider ideal CV entanglement distribution. In this case, 
Fig. 3.2.1 shows how many ebits could be, in principle, 
transferred from the CV to the DV system. Figure 3.2.2 
illustrates the principle of entanglement distribution and 
transfer. 




(a) 2 4 6 8 10 

Squeezing in dB 



Figure: 3.2.1 Entanglement of a Gaussian two-qumode squeezed 
state in ebits (the units of maximally entangled two-qubit states) 
as a function of the squeezing values in dB. The letters indicate 
experiments with corresponding squeezing levels: (a) recent CV 
Shor-type quantum error correction scheme 11711 . (b) first CV 
quantum teleportation Q, and (c) most recent squeezing "world 
records" 11571 15811591 . 

So what mechanism achieves this entanglement trans- 
fer? Are there possibly fundamental complications owing 
to the mismatch of the Hilbert spaces'^ These questions 
were addressed in Refs. l 17211 17311 1741 . where it was shown 
that an entangled two-mode squeezed state may act as a 
driving field to two remote cavities. When a two-level sys- 
tem is placed in each cavity, the resonant Jaynes-Cumm- 
ings Hamiltonian, Tig(ci i cr a _ + aa+ ), can be used, describ- 
ing the qubit-qumode coupling for qumode a and qubit 
er" , and similarly for mode b and spin a h _ . As the driving 
field is assumed to be an external, broadband field, an ad- 
ditional interaction has to be included that describes the 
desired coupling between the external qumodes cike luJkt 
and the internal cavity qumode a (and similar for the in- 
ternal and external qumodes b and bke %u)kt , respectively), 
J2 k Kkiaale^-^ + a^ake-^-^ + a^ b] lfP74l . 
Thus, Kk is the rate of this wanted coupling between each 
internal qumode at frequency uj a ^ and a corresponding 
external driving qumode at frequency uik- In the weak- 
coupling regime, where k is much smaller than the exter- 
nal bandwidth, the non-unitary dynamics of the (internal) 
qumode-qubit systems is governed by a master equation. 
The steady state of the cavities can then be shown to be- 
come a two-mode squeezed state (in the bad-cavity regime 
using CQED language 11751 ). 

12 later, for a hybrid quantum repeater, we can avoid this mis- 
match from the beginning by distributing effective two-qubit en- 
tanglement of the form of hybrid qubit-qumode states. 
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Figure: 3.2.2 Using a CV entanglement distributor for DV entan- 
glement distribution. Two entangled qumode pulses travel to the 
opposite ends of a channel and interact with local atomic qubits 
placed, for instance, in a cavity. Through these interactions, the 
CV entanglement is dynamically transferred onto the two qubits. 

Eventually, the CV entanglement is transferred onto 
the DV systems in the steady state. More realistically, ad- 
ditional dissipations have to be taken into account such as 
spontaneous atomic decay. This kind of unwanted in-out 
coupling will occur at a rate r. An important parameter 
then is the so-called cooperativity, C oc 1/(-Tk). Only 
for sufficiently large C do we obtain a nearly pure atomic 
steady state 11 [741 Pi 

The general conditions for transferring general CV en- 
tanglement (including non-Gaussian entanglement of the 
form Eq. d29l l) from CV driving fields onto two qubits, 
both for the dynamical and the steady-state cases, were 
presented in Ref. [174]. Similar DV entanglement gen- 
eration schemes were proposed in Refs. 117611 and 111771 
using an indirect interaction of two remote qubits through 
Markovian and non-Markovian environments, respectively. 
Finally, let us mention the interesting concept of transfer- 
ring entanglement from a relativistic quantum field in a 
vacuum state onto a pair of initially unentangled atoms 
II 178U 17911 . 

Different from those schemes described in this section, 
which are basically measurement-free and dynamical en- 
tanglement transfer protocols utilizing an optical field as 
entanglement distributor, later we shall describe how to 
exploit local measurements on hybrid entangled states in 
order to nonlocally prepare entangled qubit states. The op- 
tical field will then act as a kind of quantum bus mediating 
the interaction between the qubits. 



3.3. Hybrid quantum computing 

In this section, we shall now discuss various hybrid ap- 
proaches to quantum computing. This includes optical hy- 
brid protocols for models of universal quantum computa- 
tion as well as for certain gates from a universal gate set. 

13 however, the assumption of large C may collide with the bad- 
cavity/weak-coupling assumption 1 1741 1751 . Later, in the section 
on hybrid quantum communication, the hybrid quantum repeater 
shall also depend on sufficiently large C 11451 . 



More specifically, for processing photonic quantum infor- 
mation, we consider either using linear optical resources 
such as Gaussian entangled cluster states and performing 
nonlinear operations on them, or first creating offline non- 
linear, non-Gaussian resource states and applying linear 
operations such as homodyne detections. Further, we dis- 
cuss hybrid schemes for quantum computing and universal 
quantum logic that do not require any highly nonlinear re- 
sources or interactions: only a weakly nonlinear element is 
needed ifTTl . 

However, let us start this section by looking at a few 
proposals in which either the encoding of quantum infor- 
mation [ 10, 142] or the unitary gate evolutions, i.e., the in- 
teraction Hamiltonians 11801 . are explicitly hybrid. 



3.3.1. Encoding qubits into qumodes 

There are various ways to encode a photonic qubit into op- 
tical modes such as polarization or spatial modes, as we 
discussed in the introductory part of this article. In partic- 
ular, the photon occupation number in a single-rail, single- 
mode Fock state may serve as a qubit or a more general 
DV basis. In dual-rail or, more generally, multiple-rail en- 
coding, a single photon encoded into multi-mode states 
can be even universally processed through linear optical 
elements; though in an unscalable fashion, unless compli- 
cated ancilla states and feedforward are employed IfTTl . 

Another natural way to encode a logical DV state into 
a physical, optical multi-mode state would be based upon 
at least two qumodes and a constant number of photons 
distributed over the physical qumodes such that, for exam- 
ple, a logical, 2 J + 1-dimensional spin- J state, \J,m,j), 
irij = — J, — J + 1, J — 1,J, can be represented by 
two physical qumodes in the two-mode Fock state | J = 
(m + n2)/2,mj = (rii — 7i2)/2), where n\ and de- 
note the photon numbers of the two modesQ In fact, for 
ni+n-2 = 1, we obtain a dual-rail encoded spin-1/2 qubit: 
{|J = 1/2, mj = -1/2), | J = 1/2, mj = +1/2)} = 
{|ni = 0,n2 = 1), = l,7i2 = 0)}. Similarly, a spin- 
1 qutrit, {|J = l,mj = -1),|J = l,m,j = 0),|J = 
l,rrij = 1)} corresponds to {|0, 2), |1, 1), |2, 0)} in the 
Fock basis. 

These natural encodings may even automatically pro- 
vide some resilience against certain errors such as pho- 
ton losses. For instance, the dual-rail encoding serves as 
an error detection code 11 1U38L and multi -photon states 

14 the choice of constant total number n\ + fi2 = So and vary- 
ing number differences fii — fi2 = S3 corresponds to a specific 
basis in the so-called Schwinger representation. For example, in 
order to faithfully represent the SU(2) algebra by the Lie alge- 
bras of two infinite-dimensional oscillators, i.e., two qumodes 
ai and 0,2, one may replace the usual Pauli matrices ao = I, 
<7i = <j x , o"2 = o" y , and 03 = o z by the so-called quantum 
Stokes operators Si = (a[, a\)ai(ai, &2) T , i = 0,1, 2, 3, satis- 
fying the SU(2) Lie algebra commutators [Si , S2] — 2iSa, while 
[So,§j] = 0,forj = 1,2,3. 
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subject to losses may also keep high degrees of entangle- 
ment 11821 . However, for the purpose of fault-tolerant, uni- 
versal quantum information processing, other encodings 
could be preferable, though they might be much harder to 
realize. One example is the fault-tolerant quantum compu- 
tation proposal based upon CSS states such as the qubit- 
type states (o|a) + b\ - a))/VW, N = |a| 2 + \b\ 2 + 
2e- 2 H Refafr*) lfl42l. Although some universal DV gates 
such as the Hadamard gate (possibly using auxiliary hy- 
brid entangled states of the form in Eq. d29) for a teleporta- 
tion-based realization) are hard to implement for this en- 
coding, the effect of photon losses on these CSS-type states 
corresponds to random phase flips in the coherent-state ba- 
sis such that repetition codes known from DV qubit quan- 
tum error correction can be directly applied 11811 . None- 
theless, these codes would still require Hadamard gates for 
encoding and decoding. 




Figure: 3.3.1 Encoding a qubit into a qumode according to GKP 
1101 . The logical, computational qubit basis states, with Z\k) = 
(— l) fc |fc), k = 0,1, are infinite superpositions of delta peaks 
in position space. This encoding is particularly suited to protect 
the qubit against small, diffusive shift errors as arising from, for 
instance, weak amplitude damping of the qumode. 

Another well-known proposal for fault-tolerant, uni- 
versal quantum computation on logical qubits encoded into 
a physical qumode space is the GKP scheme ifTOl . This 
type of encoding (see Fig. 3.3.1) is primarily intended to 
protect a logical qubit against small errors such as small 
shifts of the physical qumode in phase space. Direct trans- 
lations of standard qubit quantum error correction codes 
against rarely occurring Pauli errors into the CV regime 
1 183 184 185] fail to provide any protection against such 
small, diffusive, typically Gaussian errors 010211 . Provided 
the error shifts are sufficiently small, i.e., smaller than A/ A 
with A the distance between the delta peaks in Fig. 3.3.1, 
the encoded states remain sufficiently intact, and suitable 
syndrome measurements enable one, in principle, to detect 
the errors and correct the states. 

Besides having this special error correction capability, 
the GKP scheme also includes universal gate operations. 
The link between logical and physical gate operations can 
be easily understood from Fig. 3.3. 1 [3 A logical Pauli op- 

15 in Fig. 3.3.1, we do not show the logical eigenstates of the 
logical X Pauli operator. Similar to the logical eigenstates of the 



erator U E {X, Y, Z} is transformed under conjugation 
by a logical qubit Clifford unitary C into a different logi- 
cal Pauli operator, C^UC = U' £ {X, Y, Z}. Thus, as the 
logical Pauli gates correspond to WH shifts of the physi- 
cal qumode, any physical Gaussian operation, since it pre- 
serves such WH gates under conjugation, can only lead 
to a logical Clifford operation. Therefore, a physical non- 
Gaussian operation is needed in order to achieve logical 
non-Clifford qubit gates and hence DV qubit universality. 
GKP demonstrate two such non-Clifford gates of which 
one uses a controlled rotation through a dispersive atom- 
light interaction as in Eq. d20l >, whereas the other one is 
based upon a cubic phase gate on the physical qumode, 
^3(^3) = cxp(iK3i 3 ). Recall that this gate can also be 
used to complete the universal set for full CV universality 
in Eq. 02), in the spirit of Ref. (8). 

In optical quantum information processing, it is pretty 
natural to encode DV quantum information into an ap- 
propriate subspace of the full infinite-dimensional qumode 
space. However, in order to realize the most advanced op- 
tical quantum processors, which achieve both universal- 
ity and fault tolerance, the qubit-into-qumode encodings, 
though conceptually highly interesting, may still be far 
from being implementable. In this sense, the CSS-type en- 
coding 11421 and the position/momentum-eigenstate su- 
perposition encoding a la GKP iflOl are very similar. In 
both schemes, fault tolerance and universality require com- 
plicated non-Gaussian operations or resources. Nonethe- 
less, they do both incorporate the necessary non-Gaussian 
quantum error correction steps into a DV qubit processor 
embedded in the physical space of an optical qumode. 



3.3.2. Hybrid Hamiltonians 

Besides the qubit-into-qumode encodings of the preceding 
section, another interesting hybrid approach is based upon 
unitary evolutions, i.e., Hamiltonians which are hybrid. 
These Hamiltonians contain DV qubit and CV qumode op- 
erator combinations such as, for instance, the controlled 
rotation in Eq. d20l ) corresponding to a dispersive light- 
matter interaction Hamiltonian. More generally, we may 
consider a unitary gate of the form, 

U = exp[i\f((7 x ,a z )®g(x,p)], (32) 

acting on the composite system of a qubit and a qumode. 
In fact, in the context of combining the DV and CV ap- 
proaches, it has been pointed out [187] that a suitable set 



logical Z Pauli operator, which are superpositions of delta peaks 
along the position axis as shown, the X eigenstates are delta- 
peak superpositions along the momentum axis in the physical 
qumode's phase space. The small shift errors can then be shifts 
along x and p, and as these WH errors form a basis, any suffi- 
ciently small error may be corrected. This reasoning is similar 
to that for the standard CV qumode codes 1 1 8311 1 8411 1 851 against 
sufficiently large, stochastic shift errors in a single channel 1 186|. 
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of elementary Hamiltonians, including the controlled rota- 
tions and additional uncontrolled displacements, 



{a x a^a,a z a^a,x} , 



(33) 



is, in principle, sufficient for universal quantum computa- 
tion on qubits0 Even earlier Lloyd considered a universal 
set containing only controlled displacements 11801 . 



{±a x x,±a z x,±a z p} 



(34) 



Typically, in quantum optics, controlled rotations are eas- 
ier to achieve than controlled displacements, as we started 
discussing at the end of Sec. 3.1 and shall exploit later l22l . 
Controlled displacements may be accessible in other sys- 
tems using ion traps II188II189|[T901[T9T1| or squids fl92l . 

There are two ways to understand the universality of 
the above Hamiltonian sets. One approach is based upon 
the decomposition^! 



e iH 2 t e i Hl t e 



-M2t e -iH 1 t _ e [H!,H 2 ]t 2 



o(* 3 ). 



(35) 



So by applying the Hamiltonians H\ and H 2 for some 
short time, we can also approximately implement the Ham- 
iltonian —i [Hi , H2] , provided the interaction times are suf- 
ficiently short0 Now first of all it can be shown that using 
Eq. d35l ) and the elementary Hamiltonians of Eq. ( f34b one 
can generate through commutation any single-qubit, any 
single-qumode, as well as any qubit-qumode unitary 11801 . 
The extra two-qubit and two-qumode entangling gates in 
order to complete the universal sets for DV and CV uni- 
versality, respectively, are then achieved through the fol- 
lowing commutators, 



-i[(T z Xi,a x X2] = 2a y xi x 2 , 



(36) 
(37) 



respectively. Here, the superscripts and subscripts denote 
operators acting upon one of the two qubits or qumodes. 
In other words, the Cz -gates of the sets in Eq. ( TTOb and 
Eq. ( fT2l can be enacted approximately by applying some 
of the elementary Hamiltonians in Eq. d34b . However, there 
is a crucial difference between the above two commuta- 
tors. The commutator in Eq. ( l36l l commutes with the ele- 
mentary Hamiltonians from which it is built, whereas the 
commutator in Eq. ( |37| | does not. As a consequence, in 
the latter case, the decomposition formula in Eq. d35l l is 
indeed only an approximation that requires infinitesimally 
small interaction periods. However, since —i[a z x, cr z p] 

commutes with OgX and cfflp, and all higher-order com- 
mutators vanish as well, the two-qubit C^-gate according 



16 note that compared to the discussion on universal sets for DV 
and CV quantum computation in Sec. 2.3.1, we are now writing 
a universal set in terms of elementary Hamiltonians instead of 
elementary gates. 

17 using the well-known Baker-Campbell-Hausdorff formula 
e A e B = e A+B e [A, B ]/2 + o([A,[A,B]],[[A,B],B]) and so 

e ±iH 2 t e ±iH lt _ ( ,±i(H 1 +H 2 )t e -[H 2 ,H 1 ]t 2 /2 + Q(t 3 ). 

18 this is the same asymptotic, approximate model for univer- 
sal quantum computation as it was used for discrete JT93 1 and 
continuous (§] variables on their own. 



to Eq. d35l l with Eq. ( l36l l no longer depends on small inter- 
action times. Instead we obtain the exact formula, 



>t 2 /2 



(38) 



This observation leads us to an alternative way of under- 
standing how the hybrid gates of Eq. d34"l i can be used to 
achieve universal quantum computation on qubits. In par- 
ticular, a two-qubit entangling gate of sufficient strength 
(i.e., t 2 ~ 27r) is then possible without direct interaction 
between the two qubits; a single qumode subsequently in- 
teracting with each qubit would rather mediate the qubit- 
qubit coupling - as a kind of quantum bus (so-called qubus 
0192111941 , see Fig. 3.3.2). The sudden exactness of the 
gate sequence can be explained by interpreting it as a con- 
trolled geometric phase gate 0187111951 . 

So even though the original hybrid scheme of Lloyd 
[180| achieves universality using a finite gate set, it ap- 
pears unrealistic to switch between the elementary Hamil- 
tonians over arbitrarily short time. Accomplishing the uni- 
versal gates and hence the Hamiltonian simulation exactly 
over a finite number of steps, as described by Eq. (1381) . is 
thus an essential extension of these hybrid approaches. 
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Figure: 3.3.2 A quantum optical illustration of the qubus princi- 
ple. A CV probe pulse (qumode) subsequently interacts with two 
matter qubits. After a sequence of interactions an entangling gate 
between the two qubits can be mediated through the qubus. Com- 
pare this with the previous entanglement distributor in Fig. 3.2.2. 



Let us finally note that the two-qumode Cz gate, as 
discussed in Sec. 2.3.1, of course, can be implemented 
directly using beam splitters and squeezers, independent 
of a supposed asymptotic scheme based on Eq. ( l35T l with 
Eq. ( l37b . Such a simple realization, however, is typically 
not available for qubits. Therefore, the exact qubus-medi- 
ated two-qubit entangling gate construction here may turn 
out to be very useful. In Sec. 3.3.5, we shall discuss op- 
tical qubus schemes, similar to Fig. 3.3.2, utilizing con- 
trolled rotations obtainable from strong or weak nonlinear 
interactions. 



3.3.3. Nonlinear resources and linear operations 

The GKP scheme flOl is in some sense the CV counter- 
part to the DV KLM scheme ifTTl . The essential technique 
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exploited in both schemes is to induce a nonlinearity by 
means of measurements and to create a highly sophisti- 
cated, nonlinear ancilla state offline. This saves one from 
directly applying nonlinearities online. Conceptually, the 
essence of KLM and GKP is to combine an abstract model 
of measurement-based quantum computation with the no- 
tion of measurement-induced nonlinearities. 

Similar to the discussion in Sec. 2.3, the measurement- 
based approaches can be divided into those based on quan- 
tum teleportation involving a nonlocal measurement and 
into cluster-based schemes requiring only local measure- 
ments with all entangling operations done offline prior to 
the actual computation. In this sense, KLM is teleportation- 
based, whereas GKP is cluster-based (though the original 
GKP scheme was not presented as a cluster-based scheme, 
but can be recast correspondingly 01961 ). 

In order to obtain the necessary non-Clifford gate on 
the logical qubit through a non-Gaussian operation on the 
physical qumode (recall the discussion around Fig. 3.3.1), 
GKP propose to produce an approximate version of the cu- 

- 3 

bic phase state offline, D 3 (n)\p = 0} = e lKX \p = 0} = 
J dxe tKX | x), using Gaussian two-mode squeezed state re- 
sources and photon number measurements (see Fig. 3.3.3). 
The resulting cubic phase state is then sufficient to ac- 
complish the cubic phase gate Ds(k) and to apply it to 
an arbitrary input state \ip) through linear operations in- 
cluding homodyne detections (see Fig. 3.3.4). The circuit 
in Fig. 3.3.4 with all gates performed offline can be in- 
terpreted as a CV cluster computation on a non-Gaussian 
cluster state, in which case homodyne detections are suffi- 
cient for universality 119611 . 
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Figure: 3.3.3 The GKP approach for creating a cubic phase state 
1101 using linear, Gaussian resources and DV photon counting 
measurements. The Gaussian resource state, emerging from two 
momentum-squeezed states and the CV version of the controlled 



Z gate, Cz = e 



, is a two-mode squeezed state up to a lo- 



cal Fourier rotation; X{r) = e~ 2 "~^ is a WH operator with fixed 
and sufficiently large r (much larger than the resource squeezing 
parameter). The circuit as drawn is reminiscent of an elementary 
step in a CV cluster computation involving a nonlinear measure- 
ment onto the displaced number basis {X^(r)|n)} 11961 . 



The approximate cubic phase state in Fig. 3.3.3 will 
depend on the measurement result n, e l ~ < ^ x \p = 0), and 
so for the desired cubic phase state, phase-free squeezing 
corrections are needed, S^[t(n)]e n ^ x S[t(ri)] = e lK,x 
wifht(n) = [n/jin)} 1 / 3 fT96\ . 
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Figure: 3.3.4 Using an offline prepared cubic phase state 
e lKX \p = 0) in order perform the cubic phase gate e~ lKp on an 
arbitrary state \ip) using linear, Gaussian operations. The final, 
Gaussian correction step to undo the operator C(si, S2) depend- 
ing on the homodyne results si and S2 involves displacements, 
rotations, and squeezers because of the commuting properties of 
the cubic gate which is non-Gaussian/non-Clifford and so does 
not preserve the WH group under conjugation 1 197]. 



There is actually a CV scheme which appears to be an 
even closer analogue of KLM, as it is also teleportation- 
based using CV Bell measurements 01271 on non-Gaussian 



resource states 11971 . In fact, we could as well interpret 
the scheme in Fig. 3.3.4 as a teleportation-based scheme. 
In this case, only the entangling gate Cz acting upon the 
second and third rails of the quantum circuit in Fig. 3.3.4 
would be performed offline prior to the Cz on the first 
and second rails. This way the Cz on the upper two rails 
together with the two homodyne detections can be inter- 
preted as a collective, homodyne-based C V two-mode Bell 
measurement on an input state and one half of a non- 
Gaussian resource state which is the cubic phase state cou- 
pled to a momentum-squeezed state through a C V Cz gate. 
This resource then is actually equivalent to a two-mode 
squeezed state with one mode subject to a cubic phase gate 
(up to a local Fourier transform), as the Cz gate and the 
cubic gate I?3(k) commute. 

Eventually, we may describe the protocol in terms of 
standard CV quantum teleportation where a nonlinearly 
transformed offline two-mode squeezed state is used as an 
EPR channel for CV quantum teleportation. In the case of 
a cubic offline resource, the online correction operations 
during the teleportation process will be quadratic contain- 
ing squeezers and displacements; a quartic offline resource 
such as a self-Kerr transformed two-mode squeezed state 



leads to cubic corrections 11971 . However, there are vari- 
ous ways how to incorporate a desired gate operation into 
a CV quantum teleportation scheme (see Fig. 3.3.5). As 
long as only linear (but collective two-mode), homodyne- 
based measurements on an input mode and one mode of 
a nonlinear, non-Gaussian resource state are permitted, the 
degree of the correction operations is always one order less 
than the order of the desired gate. As a result, only the cu- 
bic gate can realized using cubic resources and Gaussian 
measurements and corrections; a quartic gate requires lin- 
ear measurements, but cubic corrections which, of course, 
may also be implemented using cubic offline resources. 
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Figure: 3.3.5 Teleportation-based implementation of a nonlin- 
ear, unitary gate U such as the cubic phase gate or a quar- 
tic Kerr-type gate. In all schemes, the online operations are: a 
two-mode, homodyne-based CV Bell measurement 'CV BM' 
and the measurement-dependent corrections using displacements 
D(/3) or displacements and additional operations C(/3) with a 
Hamiltonian degree of one order lower that the nonlinearity or- 
der of U; the offline resource state is a nonlinearly transformed, 
Gaussian two-mode squeezed 'EPR' state, except in the trivial, 
teleportation-based scheme (a) where the input state l^in) is first 
transformed according to the desired gate U and then teleported; 
as IV'in) may be arbitrary and unknown, the scheme (a) is not a 
valid offline-scheme and would require an online gate U acting 
upon l^in)- The schemes (b) and (c) are similar, only differing 
in the particular EPR-mode to which the nonlinear gate U is ap- 
plied offline. The nonlinear resources are always indicated by a 
red circle; only for the case of a cubic gate U are all online op- 
erations Gaussian. Up to local Fourier transforms and squeezers, 
the scheme of Fig. 3.3.4 is a special example of that in (b). Of 
course, we may also consider combinations of (a), (b), and (c). 



Once a quartic self-Kerr-type gate can be implemented 
using CV quantum teleportation [e.g. like in Fig. 3.3.5 (b) 
or (c)], such a scheme could be applied to two qubits, as 
shown in Fig. 2.3.1. Together with the two beam split- 
ters (and taking into account the finiteness of the resource 
squeezing for teleportation), this results in an approximate, 
unconditional, and thus deterministic realization of a two- 
qubit Cz gate, as opposed to the perfect, nondeterministic 
implementation of KLM 1 1 1 1 . However, note that the cor- 
rection operations before the second beam splitter are still 
cubic and so would require further nonlinear processing. 

The scheme of Fig. 3.3.4 is a special example of the 
scheme (b) in Fig. 3.3.5. In the general case of Fig. 3.3.5 
(b), the gate U to be implemented can be arbitrary and 
need not be diagonal in the x-basis. For the cluster-type 
circuit in Fig. 3.3.4, however, it is useful that the entan- 
gling gates Cz and the desired cubic gate operation D3 



are all diagonal in x and hence commute^ Starting with 
a two-mode squeezed state J2n°=a c « \ n > n )i-2 wim c n = 
tanh" r/ coshr for a squeezing parameter r, we may ap- 
ply the transfer formalism for standard CV quantum tele- 
portation [198] and extend it to the present case of gate 
teleportation. Then we obtain the conditional state after the 
Bell projection of the input qumode and qumode 1 onto 
f[(/3) = \<P((3))(<P{(3)\ for the CV Bell basis \${fi)) = 

[^)«i]ELiK"i)/A 



n=0 



c n \n,n) 



1.2 



(39) 



corresponding to a conditional state of qumode 2 alone, 

E 7= l»> E^H^GWto) = T>U&(fi)\1>i*), 

n m 

(40) 

with the "distortion operator" V = Y^ n c n \n) (n\/y/Tr and 
the matrix elements U n \ n = (m\U T \n) = (n\U\m). Af- 
ter a suitable correction operation C{0), the input state is 
"transferred" onto the output state Tjj (j3)\ipi n ) with 



(41) 



where the first equality defines the right correction op- 
eration C{(3) depending on the gate U and its commut- 
ing properties with the displacement operator, U D> (/3) = 
C'(j3)U. The degree of C'(j3) will always be one order 
lower than the order of U 01971 . In the limit of infinite 
squeezing, we obtain the desired gate teleportation. For fi- 
nite squeezing r, there will be a distortion resulting in a 
nonunit-fidelity gate, F = J d 2 /3| (-0 in | tZ+T 1 ^ (/?) |"0 in > | 2 < 
1. We shall look at the scheme in Fig. 3.3.5 (b) as well 
as that in Fig. 3.3.5 (a) from a different perspective in the 
following section. 

Further refinements and proposals related with GKP 
can be found in Refs. 1199112001 . An alternative approach 
to implementing a cubic phase gate relies upon potentially 
more accessible non-Gaussian resources such as Fock-state 
ancillae 111251 . Similarly, nonlinear Fock-state ancillae may 
be exploited in order to achieve nonlinear Fock-state pro- 
jection measurements using linear, Gaussian measurements 
in form of two homodyne detectors after a beam split- 



ter 12011 (see Fig. 3.3.6). More specifically, postselect- 
ing the homodyne results around zero leads to 77; n ,i(/3 « 



19 in the scheme of Fig. 3.3.5 (c), an arbitrary gate U, instead 
of applying it at the very end of CV quantum teleportation, can 
just be commuted through the final teleportation displacement 
operation, UD(j3) = C(/3) U, with C(/3) a correction operation 
of one order lower than the order of U and U applied offline to 
the EPR state 11971 . Similarly, the scheme of Fig. 3.3.5 (b) may 
be understood by rewriting the offline transformed, maximally 
entangled EPR state of (c), (1 <g> £/)|EPR) = (U T ® 1)|EPR>, 
in the limit of infinite squeezing; for the finite-squeezing case, 
see main text. 
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0)|m)x oc i n (m|. Projecting onto this two-mode basis cor- 
responds to applying a symmetric beam splitter transfor- 
mation followed by x and p homodyne detections like for 
the CV Bell measurement in CV quantum teleportation 
[127|, as in Fig. 3.3.6. 




Kin) \™} 

Figure: 3.3.6 Nonlinear (destructive) projection of an input state 
\ipin) onto the Fock state \m) through x and p homodyne detec- 
tions and postselection using a beam splitter and an ancilla Fock 
state \m) 12011 . 

The proposal of Ref. 120 II can be used to realize var- 
ious quantum information tasks, including the implemen- 
tation of a NSS gate. However, the need for postselection 
renders this approach again fairly inefficient. For example, 
for the NSS gate, fidelities F > 0.9 are obtainable at suc- 
cess probabilities < 10~ 4 . Nonetheless, in general, prepar- 
ing nonlinear ancilla resource states offline^ possibly in 
a nondeterministic fashion, but with reasonable fidelities, 
offers a promising approach to universal quantum informa- 
tion processing, as the online operations in this case can 
be restricted to only linear ones. These linear operations 
may include squeezing corrections which could also be ef- 
ficiently implemented, provided high-quality CV cluster 
states are available. Such linear, universal resource states 
will be part of the discussion in the following section. 



3.3.4. Linear resources and nonlinear operations 




Figure: 3.3.7 An approximately universal, Gaussian CV cluster 
state built from momentum-squeezed states of light and Gaus- 
sian, CV versions of the Cz gate, e 2 ™®*. An arbitrary multi- 
mode state \ifi) attached from the left can then be universally pro- 
cessed through local projection measurements of the individual 
qumodes of the cluster such as homodyne and photon number 
measurements 1561 . The output state U\ip) of the cluster com- 
putation will appear on the most right column in the remaining, 
undetected qumodes. 

The gates in front of the x-homodyne detector in the 
circuit of Fig. 3.3.8 can be absorbed into the measure- 
ment apparatus such that instead of measuring the observ- 
able x the projection is onto the rotated p-basis {Z)+ |p) } 
measuring the observable D^pD. This way we can ap- 
ply any gate D — e % ^ x > to an arbitrary input state tele- 
ported into the upper rail in Fig. 3.3.8, that is into one or, 
in the multi-mode case, several qumodes of the most left 
column in Fig. 3.3.7. Further application of such elemen- 
tary steps, by measuring out the other qumodes in the CV 
cluster state beginning from the left in Fig. 3.3.7, may lead 
to, in principle, universal quantum computation on multi- 
qumode states in the approximate, asymptotic sense as dis- 
cussed in Sec. 2.3.1 11561 . A Fourier transform can be per- 
formed through the cluster at any step in order to switch 
between x and p gates. To complete the universal set in 
Eq. (fL2b . the two-qumode gate Cz is obtainable through 
the vertical wires in Fig. 3.3.7, so the cluster must be at 
least two-dimensional. The total evolution of the input is 
completely controlled by the measurements with the clus- 
ter state prepared offline prior to the computation. 



The circuit in Fig. 3.3.4 describes a protocol in which a 
nonlinear cubic phase gate is implemented using an of- 
fline cubic phase state and online Gaussian operations. In 
order to accomplish the gate £>3(k), a cubic state of the 
form £>3 (k) \p = 0) is needed. So there should be a suffi- 
cient supply of cubic states such that after injecting these 
into a CV Gaussian cluster state, sets of cubic gates can 
be applied through homodyne detections whenever needed 
during a computation [56 196,203]. 

A canonical version of a Gaussian CV cluster state 
[204 1361 is shown in Fig. 3.3.7. An elementary cluster 
computation step between two qumodes of the cluster cor- 
responds to the circuit in Fig. 3.3.8. 



20 the degree of nonlinearity and non-Gaussianity of which may 
even be tuned in a heralded state generation scheme 12021 . 
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Figure: 3.3.8 Elementary step of a CV cluster computation. The 
desired gate operation D = e 1 ^ ' and the inverse Fourier trans- 
form F f can be absorbed into the measurement apparatus such 
that a projection of the upper qumode onto the basis 
with result s leaves the lower qumode in the desired output state 
up to a Fourier transform and a WH correction X(s). Compare 
this with the analogous qubit circuit in Fig. 2.3.5. 
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Any multi-mode LUBO as described by Eq. (Q]) can be 
performed on an arbitrary multi-mode state through homo- 
dyne detections alone. An additional nonlinear measure- 
ment such as photon counting is needed in order to be able 
to realize gates of cubic or higher order. In this case, the 
basis choice of a measurement in one step would typically 
depend on the outcomes of the measurements in the previ- 
ous steps. In contrast, in the all-homodyne-based scenario 
for LUBOs, no such feedforward is required and all mea- 
surements may be conducted in parallel - a feature known 
as Clifford parallelism for qubit cluster computation. 

It has been proven that a linear four-mode cluster state 
is sufficient to achieve an arbitrary single-mode LUBO 
(see Fig. 3.3.9); an arbitrary A-mode LUBO is possible 
using a finite, two-dimensional CV cluster state of ~ A 2 
qumodes |205|. In this case, no more asymptotic evolu- 
tions with infinitesimal, elementary steps must be consid- 
ered, but rather combinations of beam splitter and single- 
mode squeezing gates of appropriate strength. Such clus- 
ter-based LUBOs circumvent the complication of online 
squeezing of, especially, fragile non-Gaussian states, since 
all squeezing gates are performed offline on the Gaussian 
cluster state. Provided enough squeezing is available to 
create the cluster states 1113611206112071119611 . this approach 
may also be used to realize the necessary squeezing cor- 
rections for nonlinear gate implementations, as discussed 
in the preceding section. The single-mode LUBO scheme 
was recently implemented experimentally 1 208 209 1 . More 
experiments on the creation of various CV cluster-type 
states and the offline implementation of CV C^-type gates 
are presented in Refs. 12101 21 ll and Ref. l26l . respec- 
tively. 




k) 



Figure: 3.3.9 Universal single-mode LUBO. After attaching 
an arbitrary single-qumode input state to a linear four-mode 
cluster state (qumodes 2-5), appearing in qumode 1, four ele- 
mentary steps, involving four quadrature homodyne detections 
on qumodes 1-4 with suitably chosen local-oscillator quadra- 
ture angles, are sufficient to obtain approximately any LUBO- 
transformed output state in qumode 5, provided the squeezing in 
the linear cluster state is sufficiently large. The Cz -attachment 
of the input state and the two homodyne detections on qumodes 
1 and 2 can be replaced by a CV Bell measurement on the input 
mode and the most left mode, qumode 2, of the cluster 1 205 ]. The 
input state is depicted as a Gaussian coherent state only for illus- 
tration. Most significantly, the CV Bell measurement can also 
be used to teleport non-Gaussian input states into the four-mode 
cluster for universal, linear processing. 



In comparison to the scheme in Fig. 3.3.4, which em- 
ploys a suitable nonlinear resource state and linear opera- 
tions, the GKP approach for realizing a cubic phase gate 
can also be directly incorporated into a C V cluster compu- 
tation 11961 . In this case, the offline resource state remains 
Gaussian and thus unconditionally producible, while some 
of the online operations must then become nonlinear (see 
Fig. 3.3.10). In order to obtain a desired cubic gate of 
any given strength n, as before, additional squeezing cor- 
rections are needed. However, this time, also the squeez- 
ing corrections are performed through cluster computa- 
tion, since any squeezing gate is available by propagating 
the relevant state through a horizontal, linear four-mode 
wire (see Fig. 3.3.11). 
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Figure: 3.3.10 Incorporating the GKP scheme into a CV cluster 
computation. The resource state remains Gaussian, the measure- 
ments are CV homodyne detections and DV photon number mea- 
surements to teleport the cubic phase state into the middle rail. 
The initial cubic phase state depends on the measurement out- 
come n and extra squeezing corrections S are needed to obtain a 
cubic gate of any desired strength n. Compared to Fig. 3.3.4, the 
n-dependent squeezing corrections S are here to be done through 
the cluster (Fig. 3.3.11); the additional p-dependent squeezing 
and WH corrections C(si, S2) can also be incorporated into the 
cluster computation and are not shown for simplicity. 




Figure: 3.3.11 Full CV cluster implementation of a cubic phase 
gate. The extra linear cluster states are needed to realize the 
necessary squeezing corrections which depend on the photon 
number measurement result. As the desired cubic gate is non- 
Gaussian, the order of the measurements matters and the number 
measurement has to be done first. This implementation using lin- 
ear and nonlinear measurements on a Gaussian state is conceptu- 
ally different from that illustrated in Fig. 3.3.4 where the resource 
state is non-Gaussian and all online operations are linear. 
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Figure: 3.3.12 Gate teleportation using collective, nonlinear pro- 
jection measurements on an input state |?/<m) and one half of a 
Gaussian two-mode squeezed state that serves as an EPR source; 

(a) compared to Fig. 3.3.5 (a), the nonlinear gate U is absorbed 
into the Bell measurement; similarly, (b) compared to Fig. 3.3.5 

(b) , the nonlinear gate U T is absorbed into the Bell measurement. 
The nonlinear elements are again indicated by the red circles, this 
time corresponding to suitable projective measurements. 

Formally, we may also interpret some of the schemes 
in Fig. 3.3.5 as gate teleporations for arbitrary qumode 
gates U using nonlinear operations on linear resources, 
where a Gaussian two-mode squeezed state is used as an 
EPR source and a nonlinearly modified, two-mode Bell 
measurement is employed (see Fig. 3.3.12). For example, 
the scheme in Fig. 3.3.12 (a) can be formally described as 

ASO?) [IVU®X>«kn>i, 2 J =VD\p)U\^ in ), 
\ n=0 J 

(42) 

using the definitions of Sec. 3.3.3 and fl {u \f3) = (W ® 
\)n{0){U ® 1), describing a projection onto the basis 
{(L7 t <g> l)\(P(/3))} for a fixed U. As such collective, non- 
linear measurements are not known to be experimentally 
available, there seems to be no advantage of the schemes 
in Fig. 3.3.12 besides the conceptual insights they provide. 
The scheme in Fig. 3.3.12 (a) does not require any cor- 
rection operations other than displacements, because it is 
equivalent to that in Fig. 3.3.5 (a), where the gate U is 
trivially applied through teleportation by first performing 
U on \ipin) and then teleporting U\ipi n ) using standard CV 
quantum teleportation. 

Concluding this section, we can say that it depends 
to a large extent on the experimental implementability of 
nonlinear measurements such as photon number resolving 
detections whether more advanced or ultimately univer- 
sal, optical quantum information protocols can be realized 
in the laboratory. If, similar to the quantum-state tunabil- 
ity between offline Gaussian and non-Gaussian resource 
states 112021 . also the online operations for measurement- 



based approaches, i.e., the quantum-state measurements, 
could be tuned over a sufficient range of linear CV and 
nonlinear DV POVMs 112121 . efficient experimental real- 
izations may then be possible in the near future. In this 
case, the offline resource states may be, for example, Gaus- 
sian CV cluster states which can be built unconditionally 
from squeezed light using beam splitters. However, finite - 
squeezing-induced imperfections will then require some 
additional nonlinear element for quantum error correction. 
Alternatively, instead of attempting to perform full com- 
putations over CV cluster states at a precision that de- 
creases linearly with the size of the computation (number 
of measurement steps) for a given initial squeezing vari- 
ance 11961 . one may just use Gaussian ancilla states, non- 
linearly measured online or offline, for implementing par- 
ticularly difficult gates such as the NSS gate on DV pho- 
tonic states and do the simple gates on dual-rail encoded 
qubits directly in the standard circuit approach. 



3.3.5. Weakly nonlinear operations 

In this section, we shall now consider schemes where a 
nonlinear element is part of an optical quantum protocol 
in form of some nonlinear interaction, but this nonlinear- 
ity is no longer required to be sufficiently strong. Recall 
the discussion in Sec. 3.3.2 on hybrid Hamiltonians. Us- 
ing an ancilla qumode as a quantum bus that mediates a 
nonlinear interaction between two qubits, as depicted in 
Fig. 3.3.2, we can construct universal two-qubit gates by 
means of rotations or displacements of the qumode con- 
ditioned upon the state of the respective qubit. Sequences 
of such qubit-qumode interactions may then result in an 
effective two-qubit entangling gate after the qumode is fi- 
nally measured out or when the qumode automatically dis- 
entangles from the two qubits, as, for instance, described 
by the sequence in Eq. (l38T l. In this example, though the an- 
cilla qumode and each qubit do become entangled during 
the gate sequence, an initially unentangled qumode will be 
again unentangled at the end, as can be easily understood 
from the right-hand-side of Eq. d38l l. 

In the quantum optical regime, using either dispersive 
light-matter interactions or all-optical Kerr-type interac- 
tions, qubit-controlled qumode rotations enable one to per- 
form various tasks from projecting onto the complete DV 
photonic Bell basis to implementing photonic two-qubit 
entangling gates, employing either DV (threshold) photon 
detectors lTT6l . CV homodyne detectors 111711181119112011 . or 
no detectors at all M21II22L 

In this section, we shall briefly discuss the measure- 
ment-free approach. Schemes where the qumode ancilla 
is eventually measured are particularly useful for quantum 
communication and will be considered in the next section. 
The measurement-based and measurement-free schemes 
can differ in their controlled, qubit-qumode gate sequences 
and also in the scaling of the nonlinear element with pho- 
ton losses for the realistic case of imperfect, lossy quantum 
gates and communication channels. 
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Most importantly, the qubit-qumode interactions, real- 
izable, for instance, through dispersive light-matter cou- 
plings in a CQED setting such as the "single-atom disper- 
sion" discussed in Sec. 3.1, are typically fairly weak. Thus, 
the resulting controlled gates produce conditional phase 
angles 8 which are initially too small to be useful, 8 ~ 
10 -2 or smaller. However, the hybrid qubit-qumode sys- 
tems are designed such that a sufficiently intense qumode 
beam leads to an effectively enhanced interaction. On the 
other hand, qumode ancilla pulses carrying too many pho- 
tons, when temporarily entangled with a low-dimensional 
qubit, are very likely to transfer photons containing which- 
path qubit information into the environment. Therefore, 
the hybrid entangled states and the hybrid gates become 
more sensitive to photon losses. 

Let us write a sequence similar to that in Eq. ( f38l > in 
terms of quantum optical displacement operations, each 
depending on a qubit Pauli operator, 





b 




b 




b 










exp 


2i Re((3* 1 (3 2 ) 





These controlled displacements, acting upon the compos- 
ite system of two qubits and one qumode, generate a two- 
qubit entangling gate, as discussed before. The two-qubit 
gate relies upon a phase shift that is acquired by a qumode 
whenever it goes along a closed loop in phase space. This 
geometric phase depends on the area of the loop and not 
on its form II 1871 . It comes from the extra phase factor in 

b(fa)b(fa) = exp [*Im GSijSa)] + #»)■ Note that 
the qumode may start in any state. 

In quantum optics, the controlled displacement oper- 
ations of Eq. d43l are not really available. Two-qubit ge- 
ometric phase gates directly implemented from controlled 
rotations through dispersive light-matter interactions result 
in final states with a qumode still entangled with the two 
qubits 11451 . The extra dephasing from this effect, how- 
ever, can be completely avoided by simulating every con- 
trolled displacement in Eq. d43l through yet another se- 
quence of controlled rotations and uncontrolled displace- 
ments l22l . 

D(a cos 6)R(6<T z )b(-2a)R(-9a z )b(a cos 6) 

= D (2ia sin 6 a z ) , (44) 

using Eq. d20l . 

In order to obtain a maximally entangling two-qubit 
gate, we need f5\f$2 = tt/8 (assuming real /3% and fa) and 
so 2a sin 8 = y/ir/8 ~ 0.6 (assuming real a). For small 
9, this means that a must be sufficiently large such that 
a6 ~ 1. For instance, when 6 ~ 10~ 2 , phase-space dis- 
placements corresponding to mean photon numbers of the 
order of 10 4 are required. For stronger interactions 9, cor- 
respondingly smaller displacements are enough. Note that 
the strength of the displacements in Eq. (@4j, inserted into 
Eq. (33), determines the effective enhancement of the non- 
linear two-qubit gate, as the qumode starts in an arbitrary 
state. 



The deterministic, measurement-free gates described 
here could be, in principle, used directly in a DV quantum 
computation, utilizing either matter qubits dispersively in- 
teracting with optical ancilla qumodes or photonic qubits 
weakly nonlinearly coupled to photonic ancilla qumodes. 
Alternatively, these gates may provide a mechanism for 
growing DV qubit cluster states in an efficient, determinis- 
tic fashion; for certain simple (though non-universal) graph 
states such as linear or star (GHZ-type) graphs, the qumode 
may interact as little as two times with each qubit to build 
up the graph [213]. This is different from the nondeter- 
ministic, standard linear-optics approaches [52 53 54 55], 
but similar to the unconditional gate teleportations using 
Gaussian ancilla cluster resources discussed in the preced- 
ing sections. 

However, whereas the fidelity of even an ideal imple- 
mentation with CV cluster states is fundamentally lim- 
ited by the finite squeezing of the cluster states and other 
imperfections in the extra non-Gaussian ancilla states or 
measurements, the ideal weak-nonlinearity -based protocol 
would, in principle, achieve unit fidelity at unit efficiency. 
Of course, this only holds provided that the hybrid qubit- 
qumode interactions are perfect. Realistically, these inter- 
actions are very sensitive to photon losses, especially those 
with large a-paths in phase space like in Eq. d44l) when 
8 is small, and so for every gate protocol, a careful loss 
analysis is needed 1214ll215tt . In general, it will be use- 
ful to minimize the number of necessary interactions in a 
gate sequence. One possibility then would be to employ 
measurement-based entangling gates including postselec- 
tion, rendering the quantum computational routines again 
nondeterministic 121312161 . The measurement-based ap- 
proach is also preferred for quantum communication pro- 
tocols when two spatially separated memory qubits are to 
be entangled over a distance. This will be discussed in the 
next section. 

Let us finally mention that the concept of using a quan- 
tum bus has other advantages too. In general, photonic 
qubit or qumode ancillae may be employed to mediate in- 
teractions between non-nearest-neighbour signal qubits in 
a solid-state system 112 1 7112 1 811219112201122 1 ||222l . In prin- 
ciple, this allows for universality and scalability when ar- 
bitrarily many signal qubits are added to the system. Two- 
qubit gates can then be performed for any pair and there 
is no need for two qubits to be so close together that in- 
dividual addressing is no longer possible. The first qubus 
proposals were based upon both qubit signals and qubit 
ancillae, including, for instance, the well-known ion-trap 
proposal 1 194] with a phononic ion qubit mediating a gate 
between two internal two-level ion qubits. The more re- 
cent hybrid approaches as described here would rather use 
a photonic CV qumode ancilla serving as a quantum bus. 

3.4. Hybrid quantum communication 

Quantum communication over a distance as large as 1000 
km or more is, in principle, possible by means of quan- 
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turn repeaters. As discussed in detail in Sec. 2.4, a quan- 
tum repeater operates by distributing entangled states over 
sufficiently short channel segments and connecting them 
through teleportation in combination with entanglement 
distillation. As the teleportation and distillation steps re- 
quire local Bell measurements and entangling gates, with 
each repeater node effectively functioning as a small quan- 
tum computer, we shall in this section omit detailed discus- 
sions on the connection and distillation part of a repeater. 
For this purpose (Figs. 3.4.3 and 3.4.4), in principle, some 
of the quantum computational hybrid protocols of Sec. 3.3 
could be used. 

Our focus in this section is on the distribution of en- 
tangled qubit memory pairs between two neighboring re- 
peater stations. There are various non-hybrid approaches 
for this of which some were presented in Sec. 2.4|3 Typ- 
ically, in these entanglement distribution protocols, some 
form of local light-matter interaction is needed in order 
to transfer the quantum correlations encoded into the fly- 
ing (optical) qubit/qumode systems that travel along the 
channel onto the local static qubit/qumode systems (which 
are typically either single electronic spin qubits or collec- 
tive atomic spin qumodes placed in a cavity or just in free 
space, as discussed in Sec. 2.4). 

A hybrid approach to entanglement distribution may 
work as illustrated in Fig. 3.2.2 or, alternatively, like the 
qubus scheme of Fig. 3.3.2. In either case, the qumode(s) 
should propagate through the lossy communication chan- 
nel only once and any additional communication will be 
classical, for instance, for confirming a successful entan- 
glement generation attempt among the neighboring par- 
ties. Focussing on a qubus-based repeater protocol like in 
Fig. 3.3.2, the measurement-free, entangling gate sequen- 
ces of Sec. 3.3.2 and Sec. 3.3.5 are better suited for the 
local repeater operations, while a measurement-based ap- 
proach with only one interaction of the qumode ancilla 
with each local qubit is optimal for the nonlocal entangled- 
state preparation. In this case, the mesaurement is needed 
in order to disentangle the qumode from the tripartite en- 
tangled qubit-qubit-qumode system and to project the two 
qubits onto a near-maximally entangled state. When pho- 
ton losses in the channel are taken into account, the qumo- 
de detection scheme will typically include postselection of 
"good" measurement results. 

Consider the qubus scheme of Fig. 3.3.2. After a first 
dispersive interaction, i.e., a controlled phase rotation of 
the qumode ancilla starting in a coherent state \a) {a real) 
depending on the state of the first qubit [with initial state 
(|0) + |l))/v*], the resulting hybrid qubit-qumode state 
has the form of Eq. (|27| | with, for example, |-0o) = \ce), 
= \ae 10 ), and <fi = a 2 sin 8 in the orthogonal qumode 



" those non-hybrid approaches do not really combine DV and 
CV techniques according to our definition of hybrid schemes. 
However, recall that all these quantum repeater proposals do rely 
upon local quantum memories and hence local light-matter inter- 
faces, rendering them "hybrid" according to the supposed stan- 
dard definition of combined photon-atom systems. 



basis of Eq. ( 1261 1 [223] . We may represent this hybrid state 
by = At|u)|0) + fj?\v)\l). Sending the qu- 

mode through a lossy fiber channel with amplitude trans- 
mission ^/rj then leads to a mixture of two different hybrid 
entangled qubit-qumode states 016OL 



(45) 



F|#+0x)><#+(/i)| + (1 - , 



with \\P + {p.)) = p\u)\l) + \j\ - ^ 2 |w)|0) and an attenu- 
ated amplitude a — > y/rja throughout. Here the "fidelity" 
is F = [1 + e -(i-'>)" 2 (i-co S e)y 2 andthe Schmidt coeffi- 
cient is /i = \/l + e- r > a2 (- 1 - COB ^/V^- As this mixed en- 
tangled state is effectively written in a two-qubit basis, its 
entanglement can be quantified. Figure 3.4. 1 shows the en- 
tanglement of formation 1 224 1 of the hybrid qubit-qumode 
state of Eq. (l45l l as a function of the initial qumode photon 
number a 2 for a 10 km fiber transmission. The trade-off 
between good initial entanglement and loss-induced deco- 
herence for a too large (p 2 , F — > 1/2) and, on the other 
hand, vanishing initial entanglement and only little deco- 
herence for a too small (/i 2 , F 1) is clearly reflected in 
the entanglement. 



Entanglement 
of Formation 




after fiber transmission (qubit-qumode) 
after transfer (qubit-qubit) 

Photons X 1 0^ 



Figure: 3.4.1 Entanglement of formation for the hybrid qubit- 
qumode states as a function of the mean photon number in the ini- 
tial qumode coherent state after optical-fiber qumode transmis- 
sion. Similarly, the entanglement of formation for the qubit-qubit 
states after the entanglement transfer through homodyne detec- 
tion. Losses are 1.8 dB corresponding to roughly 10 km fiber 
transmission. Entanglement transfer postselection efficiency is 
36 % and the local dispersive light-matter, qumode-qubit inter- 
actions are assumed to create phase shifts of the order of 10 -2 . 



The essence of the qubus scheme in Fig. 3.3.2 is that 
the noisy qubit-qumode entanglement after the imperfect 
channel transmission of the qumode is finally transferred 
onto the second qubit at the receiving station. This can 
be accomplished through a second dispersive interaction 
followed by a measurement on the qumode. Before the 
measurement, a second controlled qumode rotation then 
gives a tripartite entangled state of the two qubits and the 
qumode 111601 . 



F\<P+)(<P+\ + {l- F)\$-)($-\, 



(46) 
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with the pure tripartite states |^ ± ) equal to 
\^a)\^) e-^ae ie )\10) e^|0?ae^)|Ol) 
y/2 2 + 2 

(47) 

and the maximally entangled Bell states |0 ± ) = ( 1 00) ± 
|11))/V2. 

For the final step of disentangling the qumode from 
the two qubits through measurement and projecting the 
two qubits onto an approximate version of \tp + ) or also 
(|10) + |01))/\/2, there are various choices of which a 
homodyne detection is the experimentally most efficient 
option 112231 (see Fig. 3.4.2). In this case, a discrimination 
of the states {\^/rja), \y/rjae ±ie )} in Eq. (l47b along the 
x-axis will result in overlap errors depending on the effec- 
tive distance of the Gaussian peaks that scales as ~ ad 2 
for small 8 (see Fig. 3.1.3); hence a must be very large to 
compensate small 8 and suppress the overlap errors (e.g. 
photon numbers of ~ 10 8 for 8 ~ 10~ 2 ). As a result, the 
loss-induced decoherence becomes too large. 

A better option is homodyne detection along p with 
peak distances ~ ad. This scaling is the same as for the 
measurement-free schemes and still feasible with weak in- 
teractions 8. However, in this case, only those outcomes 
consistent with | y/rja) lead to an entangled two-qubit state 
and the conditional states corresponding to {l-y/^ae^ 61 )} 
must be discarded through postselection. There will then 
be a trade-off between pair creation efficiencies and fideli- 
ties, similar to the trade-off for the hybrid entanglement 
after transmission; and for the optimal transmission, the 
homodyne-based scheme will also not allow for a com- 
plete entanglement transfer from the hybrid to the two- 
qubit states (Fig. 3.4.1). 




Figure: 3.4.2 Entanglement distribution in a hybrid quantum re- 
peater using dispersive light-matter interactions and homodyne 
detection 12231 . "LO" stands for "local oscillator". 

An interesting alternative is to replace the homodyne 
detection by a non-Gaussian POVM for USD of coherent 
states (see Fig. 2.2.3). In this case, an error-free identifica- 
tion of | y/rja) in Eq. d47b is possible, completely eliminat- 
ing bit-flip errors 01601 . The remaining phase-flip errors 
caused by photon losses may be minimized and thus fi- 
delities for given success probabilities maximized through 
optimal USD [160], attainable, for instance, by means of 



photon number resolving detectors and using two probe 
pulses 112251 . Other non-Gaussian POVMs such as CSS 
state projections can be considered 12261 as well as ho- 
modyne detections on squeezed-state instead of coherent- 
state qumode ancillae 12271 . All these variations have in 
common that they achieve tunability of the fidelity against 
the success probability including near-unit fidelities at rea- 
sonable probabilities of success, a feature that is very use- 
ful for a full quantum repeater architecture. 



a) 




Local CNOT gates 

wvw 

Figure: 3.4.3 Ingredients of a hybrid quantum repeater, (a) Dis- 
tillation of better entangled states from a supply of noisy entan- 
gled states using local entangling gates such as Cz or C'NOT, 
qubit measurements, and classical communication, (b) Connect- 
ing the distilled entangled states through entanglement swapping 
using local CNOT gates, qubit measurements, and classical com- 
munication. 



The full hybrid quantum repeater is shown in Fig. 3.4.3. 
The local entangling gates for entanglement distillation 
and swapping could also be performed using dispersive 
light-matter interactions. The local qumode ancillae in this 
case can be prepared independent of the channel distances. 
Therefore arbitrarily intense qubus amplitudes are possi- 
ble, provided other imperfections such as local dissipa- 
tions and coupling inefficiencies in the CQED part of the 
repeater nodes can be suppressed 11451 (see Fig. 3.4.4). 
In this case, CV homodyne measurements can result in 
sufficiently good state discrimination for the local parity 
gates (in a measurement-based implementation for the lo- 
cal gates), while the nonlocal qumode ancillae that inter- 
act with two spatially separated qubits and hence must 
be sufficiently weak could still be detected through non- 
Gaussian USD by means of DV photon number mesaure- 
ments. 

The distances between repeater stations are 10-30 km, 
almost directly compatible with classical optical networks. 
A naturally given advantage of the hybrid, photonic flying- 
qumode-based quantum repeater over the photonic flying- 
qubit-based approaches is that it does not require long- 
distance interferometry. Nonetheless, both on the experi- 
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mental and on the theoretical side there are still open issues 
such as efficient local memory transfers (e.g. from elec- 
tronic to nuclear spins, recall the discussion in Sec. 2.4), 
efficient and error-resistant entanglement distillations and 
connections, and complete optimizations of hybrid repea- 
ters in comparison to their non-hybrid counterparts. Im- 
perfections in the local repeater nodes as, for instance, in a 
CQED-based scheme might be circumvented through ef- 
ficient free-space qubit-qumode interactions 02281 . Simi- 
larly, the local CQED parts may also be highly improved 
through the use of microtoroidal cavities 112291 . 



nonlocal 
Qumode 1 

Qubit 1 ' Quint 2 




Qubit 3 nonlocal Qubil 4 

Qumode 2 



Figure: 3.4.4 A hybrid quantum repeater segment. The non- 
local qumodes travel through optical fibers and are subject to 
photon losses depending on the channel distance. Thus, error- 
free, non-Gaussian photon measurements may be used to elimi- 
nate measurement-based errors and maximize fidelities for suf- 
ficiently small, loss-resistant qumode amplitudes. The local 
qumode states, however, may have large photon numbers, as 
their photon losses are independent of the communication dis- 
tance (neglecting local coupling inefficiencies and dissipations 
during the light-matter interactions). Therefore the local qumode 
states can be well discriminated through homodyne detection, 
allowing for efficient implementations of local two-qubit oper- 
ations necessary for entanglement distillation. Alternatively, the 
measurement-free sequences from Sec. 3.3.5 could be used for 
the local entangling gates. 



Let us finally mention that there are indeed propos- 
als for entanglement distillation that could be incorporated 
into a full hybrid quantum repeater. Since the flying quan- 
tum systems sent along the communication channel are 
photonic qumodes, such distillations may directly act upon 
these qumodes, for instance, in an entanglement distribu- 
tor (Fig. 3.2.2) rather than a qubus-based scheme. Besides 
those proposals listed in Sec. 3.1, there are other very re- 
cent ideas achieving nondeterministic, noiseless amplifi- 
cation [230,231] with the help of DV Fock-state ancillae 
and phase concentration through amplification of attenu- 
ated coherent-state qumodes utilizing thermal noise addi- 
tion and photon subtraction 12321 . 



4. Summary and outlook 

Quantum information protocols can be formulated in terms 
of either discrete or continuous degrees of freedom. In op- 
tical implementations, the feasibility and the efficiency of 
a quantum information protocol, including its basic sub- 
routines such as state preparation, manipulation, and mea- 
surements, depend on the type of variables employed in the 
scheme. In particular, the use of continuous quantum vari- 
ables leads to very efficient implementations. However, re- 
cent studies have revealed that approaches solely based 
upon Gaussian continuous-variable (CV) states and Gaus- 
sian operations are ultimately limited: universal quantum 
computation cannot be achieved in the Gaussian regime 
alone; also entanglement distillation, a fundamental sub- 
routine in quantum communication, as well as more gen- 
eral forms of quantum error correction are impossible in 
the realm of Gaussian states and Gaussian operations. 

A possible way to circumvent these restrictions while 
maintaining some of the advantages of the CV approach 
is to utilize both continuous and discrete variables at the 
same time. For instance, entangled Gaussian cluster states, 
unconditionally producible from squeezed light sources, 
can still be used for universal quantum computation, pro- 
vided a non-Gaussian measurement (e.g. through photon 
counting) is added to a cluster computation protocol. Sim- 
ilarly, a nonlinear interaction of cubic or higher order, oth- 
erwise hard to obtain on the level of single quanta, can be 
effectively enhanced when intense optical pulses in Gaus- 
sian states are used as a quantum bus to mediate qubit- 
qubit interactions. Such a scenario is particularly well sui- 
ted to quantum communication schemes where discrete- 
variable (DV) quantum information is locally encoded into 
atomic qubit memories, but transmitted through an optical- 
fiber channel using a CV quantum bus. 

We gave a (certainly incomplete) review over existing 
hybrid proposals for quantum information processing, in- 
cluding brief discussions of their underlying principles and 
the tools that they use. These hybrid schemes, based upon, 
for instance, linear resources, together with the exploita- 
tion of measurement-induced or weak nonlinearities, rep- 
resent a promising route to efficient optical quantum com- 
putation and communication. They can be seen as part of 
the current effort to combine stable atomic and scalable 
solid-state systems for reliable storage and fast processing 
of quantum information with photonic systems for com- 
munication into hybrid devices. 

The most attractive feature of those scheme in which 
the necessary nonlinear element for universal quantum in- 
formation processing is solely provided through the mea- 
surement apparatus is that in this case the linear resource 
states such as Gaussian CV cluster states can be built in an 
efficient, unconditional fashion. Nonetheless, this uncon- 
ditionalness comes at a price: the finite squeezing of the 
qumodes within a cluster state leads to inevitable errors 
in a cluster computation. To suppress these errors, some 
form of efficient quantum error correction will be needed 
for which again a nonlinear element is required. The most 
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promising approach will be most likely based upon a com- 
bination of different encodings, resources, and measure- 
ment techniques, as envisaged by the hybrid schemes dis- 
cussed in this review: photonic qubits universally process- 
ed on their own utilizing polarization dual-rail encoding 
and efficiently coupled with other qubits by employing 
nonlinearly transformed or measured Gaussian photonic 
qumode ancillae. 
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